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MATRICIAL FUNCTION THEORY AND WEIGHTED 

SHIFTS 


PAUL S. MUHLY AND BARUCH SOLEL 

Abstract. Let T+{E) be the tensor algebra of a lU*-correspond- 
ence E over a lU*-algebra M. In earlier work, we showed that 
the completely contractive representations of 7+ (E), whose restric¬ 
tions to M are normal, are parametrized by certain discs or balls 
D{E,a) indexed by the normal *-representations a of M. Each 
disc has analytic structure, and each element F G T+{E) gives rise 
to an operator-valued function on D{F, a) that is continuous 
and analytic on the interior. In this paper, we explore the effect 
of adding operator-valued weights to the theory. While the state¬ 
ments of many of the results in the weighted theory are anticipated 
by those in the unweighted setting, substantially different proofs 
are required. Interesting new connections with the theory of com¬ 
pletely positive are developed. Our perspective has been inspired 
by work of Vladimir Muller m in which he studied operators that 
can be modeled by parts of weighted shifts. Our results may be 
interpreted as providing a description of operator algebras that can 
be modeled by weighted tensor algebras. Our results also extend 
work of Gelu Popescu [22], who investigated similar questions. 


1. Introduction 

This paper is a sequel to na, where we pursue a function theory 
that derives from thinking about elements of tensor algebras and Hardy 
algebras, based on C*- and W*- correspondences, as functions on the 
spaces of representations of the algebras. It turns out that the spaces 
of representations have complex manifold structures and the functions 
that arise are genuinely holomorphic. The spaces and functions also 
have a matricial structure that is very much like that first studied by 
Joseph Taylor in |28j . and the functions we studied are very similar to 
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the functions he connected to elements in free algebras. Taylor’s work 
has been the focus of a lot of interest in recent years and an account 
of a large portion of the current state-of-the-art has been written by 
Dmitry Kaliuzhnyi-Verbovetskyi and Victor Vinnikov [5j. We refer to 
their work for many references and background. 

The current paper arose from our efforts to probe broader contexts 
for the ideas that we employed in [15]. We have been especially in¬ 
spired by the work of Vladimir Muller Id and Gelu Popescu [22]. To 
understand our motivation, recall that in his seminal paper [2B] Rota 
essentially proved that the study of contraction operators on Hilbert 
space is coextensive with the study of the parts of unilateral shifts (of 
all multiplicities). If one interprets contraction operators as the repre¬ 
sentations of the disk algebra, on the one hand, and if one interprets 
unilateral shifts as defining induced representations on certain Fock 
spaces, on the other - as we did in [8] - then one has a perfect analogy 
between Rota’s work and ours. Muller asked the question; “Which op¬ 
erators can be modeled by parts of weighted shifts!'' He did not give a 
complete answer. Indeed, his analysis leads naturally to the view that 
no simple definitive answer can be given. However, he was able to for¬ 
mulate some very general conditions on a weight sequence under which 
one can characterize those operators which are unitarily equivalent to 
a part of the unilateral shift with those weights. (See in particular [T71 
Theorem 2.2].) In [22], Popescu began with the conclusion of Muller’s 
Theorem 2.2 and expanded it to the setting of noncommutative tuples 
of operators. On the basis of this expansion, he formulated a very 
broad generalization of the noncommutative function theory he has 
been developing over the years. 

Our point of departure is to take a fresh look at Muller’s Theorem 
2.2, and from it formulate a notion of a weighted tensor algebra whose 
representation theory is parametrized by a “disc” that generalizes the 
kind of domains that Poposecu studied. In fact, even when specialized 
to Popescu’s setting in |22) . our discs are more general than his. Many 
of our arguments follow his in broad outline, but numerous new ap¬ 
proaches and details are necessitated by the increase in generality we 
consider. 


2. Preliminaries 

For the purposes we have in mind, it seems best to formulate our 
results in the context of kF*-algebras and kF*-correspondences. How¬ 
ever, many of our results are seen easily to have reformulations that 
are valid in the context of unital C'*-algebras and C'*-correspondences. 
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We will call attention to relevant modifications for the C* setting when 
it seems advisable to do so. It should be emphasized, too, that at 
the current level of development of the theory, working in the setting 
with finite dimensional iy*-algebras and correspondences leads to in¬ 
teresting new results. In this case, of course, there is no distinction 
between C^-algebras and iy*-algebras. However, what happens with 
the infinite dimensional constructs we build from them does depend on 
whether one takes norm limits or (ultra) weak limits. 

We shall follow the theory developed initially in m, but due to 
advances during the last 10 years, or so, it has become necessary to 
adopt somewhat different notation. Throughout this paper, unless 
specified otherwise, M will denote a W*-algebra. That is, M will 
denote a C^-algebra that is also a dual space. We want to emphasize 
a representation-free approach, and so we make no a priori assump¬ 
tions about M being represented on some particular Hilbert space. The 
weak-* topology on M will be referred to as the ultraweak topology on 
M. Homomorphisms between kT*-algebras will always be assumed to 
be continuous with respect to their ultraweak topologies. For emphasis, 
we shall call such homomorphisms “normal” or “IT*-homomorphisms”. 
We will also assume that our homomorphisms are unital unless explicit 
assertions to the contrary are made. 

Likewise, E will denote a kF*-correspondence over M. This means, 
first of all, that E is a self-dual, right, Hilbert C'*-module over M in 
the sense of Paschke |19) . (We shall follow |6] for details about W*- 
correspondences.) By [6l Proposition 3.3.3], E is a dual space and 
we shall call the weak-* topology on E the ultraweak topology, as 
well. The set of all endomorphisms of E will be denoted by C{E). By 
P Corollary 3.3.2 and Proposition 3.3.4 ], C{E) is naturally a W*- 
algebra. To make E a fF*-correspondence we must assume that E is 
a left module over M and that the left action is given by a normal 
*-homomorphism, usually denoted 93 , of M into C{E). 

To avoid digressions which contribute little to the main points we 
want to make, we shall assume that the left action of M on is faithful 
and that the right action is full in the sense that the ultraweakly closed 
linear span of the inner products p), ^,7] ^ E, is all of M. These two 
assumptions guarantee that all the tensor powers E^'^, n > 0 (which 
are always assumed to be balanced over M) are nonzero. In fact, each 
is full, and the left action is faithful. We shall denote the left action 
of M on E®^ by ipn- Recall that it is defined on elementary tensors by 
the formula (pnia){^i ^^2 ® • • • <8)Cn) = (9?(a)6) ® 6 <8 • • • <8 a e M. 
Note that E^^ is defined to be M, with {^,7]) := ^*7], and (po given by 
left multiplication in M. The ultraweak direct sum of the i?®", n > 0, 
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is called the Fock space of E and is denoted E{E). It is, in an obvious 
way, a right hh*-Hilbert module over M and there is a left action, ipoo-, 
of M on E{E), given by the formula (pooict) = '^n>oFn{ci), a ^ M. 

The commutant in C{E®^) of the image of M under ipk will be writ¬ 
ten ifkiMy. Note that (po{MY is simply the center of M, 3(dT). Also, 
the commutant in C{E{E)) of ipao{M) will be denoted by (pao{MY. 

Suppose, now, E is another IT*-Hilbert module over a hh*-algebra, 
say, N, and suppose a \ M ^ kl{E) is a normal ^-homomorphism. 
Then we we can form the IT*-Hilbert module over N, E E, where 
the subscript a is to indicate that the tensor product is balanced over 
M through a. That is ^a®rj = o'{a)r], ^ & E, p e E, and a E M. 

We can also form Rieffel’s induced representation or homomorphism 
a® which maps C{E) to C{E 0^- E) via the formula = A 0 Ip- 

(Rieffel developed the theory of induced representations of C'*-algebras 
in [21]; additional facts about induced representations, especially for 
IT*-algebras may be found in |25).i 

Definition 2.1. The intertwiner space, o ip,a), is dehned to be 
the collection of bounded operators X from E 0o- E to E that satisfy 
the equation 

Xa^ o (p[a) = a{a)X, a E M. 

At this level of generality, 3{a^ o cp, a) may reduce to the zero space, 
as we indicated in [HI Remark 4.6]. (The setting there was a C'*-setting, 
but with minor adjustments, one can produce IR*-Hilbert modules in 
which the intertwiner space is zero.) Nevertheless, 3{a^ o cp, a) usually 
carries a lot of information about E and a as we shall see. In particular, 
we note that 3{a^ o ip, a)* := {X* | X E 3{a^ oip,a)} = 3{a, o ip) is 
a IR*-correspondence over the commutant of a{M) in C{E), i.e., 3{a^o 
ip, a)* is a IT*-correspondence over the relative commutant a{MY of 
a{M) in C{E). When F is a Hilbert space, we shall use the standard 
notation a{My instead of a{MY- The inner product of X and Y in 
3{a, cr® o ip) is simply {X, Y) := X*Y, and the left and right actions of 
are given by the formula: 

a • X ■ 6 := (Je 0 a)Xb, a,b E a{M)Y X E ^(cr, op>). 

Note, too, that if X and Y are in 3{a^oip, a), then while the compo¬ 
sition of X and Y makes no sense, in general, we do have the following 
important containment: 

(2.1) X{lE®Y)E3{a^'^^ oip^,a). 

If we apply this formula when X = Y, we arrive at a notion we call 
tensorial powers. 
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Definition 2.2. If cr is a normal representation M on a Hilbert W*- 
module F and if Z G J(a^ o (^ 9 , a), then the tensorial power of Z, 
is the element of o a) that is defined inductively by 

setting Zd) = Z, and setting Z^+i) ;= Z{Ie ® Z^)). 

The formulas 

(2.2) Zd) = Z(Je 0 Z){Ie<82 0 Z) ■ ■ ■ (/E®(fc-i) 0 Z) 
and 

(2.3) Zd+b = Z^'^\lEm 0 Z(')) 

are immediate. They justify in part the use of the term “tensorial 
power”. Later, in Section [71 we will give further justification for the 
term by showing that in certain settings, oipk-, cr)* can be identi¬ 

fied with (J(cr® o(^, (t)*)'^^, where the tensoring is balanced over a{M)'^ 
in C{F), and then Z^)* may be viewed as Z* 0 Z* 0 • • • 0 Z*. 

A companion to the notion of an intertwining operator is the notion 
of an insertion operator: 

Definition 2.3. Let a : M ^ kl{F) be a representation of M on a 
Hilbert iy*-module F. For ^ G Z, we define the insertion operator 
Lf : F ^ E F hy 

L^cf) ■.= (f). 

We omit the superscript F, if F is clear from context. 

Remark 2.4. As Pimsner notes p. 192], is given by the formula 
Ll{y] 0 C) = c^((^,h))C, V e EX ^ F. Consequently, = cr((^,0), 
which shows that the norm of is dominated by ||.^|| in general, and 
equality holds if a is faithful. We note, too, that = (.^ 0 rj*) 0 If, 
where ^ ® rj* denotes the rank one element of C{E) defined by the 
formula ^ 0 r]*X) := 0- 

Two special instances of 3{a^ o (p, cr) play important rolls in this 
paper. For the first, we take F to be F{E) and a to be ipoo- Since 
jTj^k+i jg defined to be E ®^i^ E ®ip^ F{E) may be identified with 
'YhkyiF®^, essentially by definition. Let T be the map that embeds 
E 0^^ F{E) into E{E) as the direct sum Ylik>i^^^- manifest 

that T belongs to o Further, T*, mapping E{E) onto 

E ®^^ F{E), has kernel M, viewed as the summand of index zero in 
E{E), and acts like the identity on J2k>i viewed as E®^^ F{E). 
Thus, in particular T is an isometry with T*T equal to the identity on 
F®if^ F{E) and TT* = Ie{e) — Pq, where Pq is the projection of E{E) 
onto E®^. 
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Definition 2.5. The map T G o ^,^ 00 ) just described is called 
the tautological isometry in o 

The second instance which is important for our discussion is the case 
when a is an ordinary normal representation of M on a Hilbert space 
H„, which we view as a iy*-correspondence over C. In this case, we 
typically write elements of o ip,a) with fraktur letters from the 
end of the alphabet. Also, in conformance with earlier work of ours, we 
will at times abbreviate 3{a^ o ip, a) by E^*{see [HI Definition 3.1]). 
When M = C = E and when a is the one-dimensional representation 
of M on C viewed as a one-dimensional Hilbert space, 3{a^ o ip, a) is 
naturally identified with C in such a way that the function theory we 
want to stress coincides with classical function theory on the complex 
plane. Thus, we take the view that in general, the intertwiner spaces 
should be viewed as noncommutative affine spaces. 

Definition 2.6. The creation operator on J^{E) determined hy ^ & E 
and denoted by T^, is defined to be 

Of course, this really is the same definition that we have given in 
[71 p. 394]. The reason for the formulation here is that we want to 
accentuate a feature of the products of creation operators. For this 
purpose, we will write for when ^ G Then, if ^ 1,^2 ^ E, 

= TL^^TL^^t] = T(^i 0 T(^2 ® v)) 

= T(j£;®T)(6®6®h) 

It follows easily that for all ^ G E^^, and that for ,^1 G E^^ 

and 6 e E®^, 

— 

Definition 2.7. The algebraic tensor algebra of E is simply the subal¬ 
gebra of C{E{E)) generated by ipoo{M) and {T^ | ^ G E}. It is denoted 
7o+(£'). Its norm closure in C{E{E)) is called the tensor algebra of E 
and is denoted T+{E). The ultraweak closure of 7o+(T^) is called the 
Hardy algebra of E and is denoted H°°{E). Finally, the Toeplitz algebra 
of E is the C*-subalgebra of C{E{E)) generated by Tq+{E). 

There is another algebra of importance for the theory, the Cuntz- 
Pimsner algebra of E, but we shall discuss this later. Also, it is not 
difficult to see that under our hypotheses on E - that it is full and ip 
is faithful - the kF*-subalgebra of C{E{E)) generated by H°°{E) is all 
of C{E{E)). 
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For the purposes of this paper, the principal result of [7j, Theorem 
3.10, as amended by m Theorem 3.4], can be formulated as follows. 


Theorem 2.8. Let p : 'T+{E) — B{H) be a completely contractive rep¬ 
resentation with the property that a := pop^ is an ultraweakly contin¬ 
uous, unital representation of M. Then a is a normal ^-representation 
of M, and the operator 3 : E H ^ H, defined by the formula 


(2.4) 3 (^ (g) h) := p(T^)h, ^®he E®„H, 

lies in o{p, a) and has norm at most one. Conversely, given a pair 
(<7,3), where a is a normal ^-representation of M on a Hilbert space H„ 
and 3 is an element of o cp, a) of norm at most one, then there is 


a unique completely contractive representation p ofT+{E) on 
that p o (poo = a and such that p satisfies\2.4. 


such 


Observe that equation 12.41 can be written 

p{T^) = 

where is the insetion operator dehned in Dehnition 12.31 This ability 
to factor p(T^) is key to the function theory that we developed in [T^ . 
Observe, also, that when M = C = E and a is the one-dimensional 
representation of M, then Theorem 12.81 essentially proves that T+{E) 
is the space of Toeplitz operators with symbols that are continuous 
on the closed disc and analytic on the interior and that the maxi¬ 
mal ideal space of this algebra is the closed unit disc in the complex 
plane. Thus in general, we denote the open unit ball in 3{a^ o ip,a) 
by D{E,a) and refer to it as the (open) unit disc in J(cr® o (p,a). 
Then D{E,a) parametrizes the completely contractive representations 
p of T+{E) such that p o = a. Also, because of Theorem 12.81 we 
adopt the notation < 7 x 3 for the representation of 7+(F^) determined 
by 3 G D{E,a). Then for E G T+{E), we may dehne E^ on D{E,a) 
by the formula 

(2.5) A( 3 )-(ffXj)(f). 

In [15] we called E„ the (< 7 —) Berezin transform and showed that it is 
continuous on D{E,a) and Frechet analytic on D{E,a). In fact, we 
showed that each E G H°°{E) can be represented as a “power series” 
that converges throughout D{E,a). 


3. The Setting 

We began with the question; “How might the theory described above 
be generalized?” We observed that on the algebraic level, at least, much 
of what we have done makes no special use of the special features 
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of T. We could just as well have chosen any operator W, say, in 
o and we could have formed new creation operators 

^ E E, hy the formula 

:= 

We could then study the norm-closed subalgebra of C{E{E)) that is 
generated by ipoo{M) and {W^}^(ze- At this level of generality nothing 
specihc can really be said. Indeed, if M = C = i?, then E{E) is simply 
£^(Z_|_). Of course, then (poo jusf represents C as scalar multiples of the 
identity on £^(Z_|_), so after we identify E J^{E) = C 
with £^(Z+), the sets o (p,poo) and i?(£^(Z+)) are essentially 

the same. Further, after making the identihcations we have here, is 
identihed with since E = C, where is the unilateral shift on 
£^(Z+). It follows that for all ^ E E. Since WU+can be 

any operator on the Hilbert space f'^(Z+) we are effectively asking for 
the (completely contractive) representation theory of any singly gener¬ 
ated norm-closed algebra of operators on Hilbert space - something that 
is well beyond reach at this time. However, if we make special choices 
for W, then interesting, tractable, extensions of the theory outlined 
above emerge. 

One appealing natural and “familiar” choice for IF G o p, Poo) 

is to begin with a diagonal matrix D on E{E) that lies in Poq{MY, 
and take IF = DT. 

Definition 3.1. A sequence Z = {Zk}k>o of elements Z^ E pk{MY 
will be called a weight sequence on (M, E) in case: 

( 1 ) Zq = Im, 

(2) sup \\Zk\\ < oo, and 

(3) each Z^ is invertible. 

We write D = diag[Zo, Zi, Z 2 , • • • ] for the diagonal matrix on E{E) 
determined by Z and we write IF = IF^ := DT for the intertwiner in 
'3{p^ o p,Poo) determined by Z. We call IF the weighted intertwiner 
associated to Z. 

Because sup \\Zk\\ < 00 , the diagonal operator D and the weighted 
intertwiner are clearly bounded, with ||D|| = sup^>g \\Zk\\ and ||IF|| = 
supfc>i \\Ek\\- Further, because D lies in p^{MY, it is clear that IF 
lies in 'i3{p^ o (^, poo)- The assumption that each Zk is invertible is one 
of convenience. It is not absolutely essential, but to relax it leads to 
digressions which are tangential to our primary objective. We do not 
assume, however, that D is invertible - except in special circumstances, 
where we introduce this assumption as an explicit hypothesis. 
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Definition 3.2. Let Z he a weight sequence on (M, E) and let W = 
be the associated weighted intertwiner in o(^, V^oo)- Then for 
^ G -E, the weighted shift determined by ^ is the operator in C{iF{E)) 
defined by the formula 

Wf = W^:= 

Evidently, = DT^ where D is the diagonal operator associated 
to Z. Consequently, we have Wf = TfD*. 

Definition 3.3. Let Z = {Zk}k>o be a weight sequence on {M,E). 
The subalgebra of C{E{E)) generated by (poo(Tf) U {W^ : ^ E E} is 
called the weighted algebraic tensor algebra of E determined by Z and 
will be denoted 7o+(-E, Z). The norm-closure of 7o+(-E, Z) in C{E{E)) 
is called, simply, the weighted tensor algebra of E determined by Z 
and will be denoted T+{E, Z). The C'*-algebra generated by T+{E, Z) 
will be denoted T{E, Z) and called the weighted Toeplitz algebra of E 
determined by Z. The ultraweak closure of T+{E,Z) in C{E{E)) is 
the weighted Hardy algebra of E determined by Z, and will be written 
H^{E,Z). 

Remark 3.4. It will be helpful to have formulas at hand for products of 
weighted shifts. We have defined as = DT^. So for G E 

and 6 G we have find that W^9 = Zk+i{^ Z) 9). Therefore, if 

... are in E, a straightforward calculation shows that 

(3.1) • • • W^^9 = Zm+k{lE ® Zm+k-l) 

X • • ■ (/£;®(m-l) 0 Zk+i){^i ® 9). 

In general and in a fashion similar to that which we have developed for 
intertwiners, we shall write 

Z®) Zn{lE 0 Zn-l){lE®'^ 0 Zn- 2 ) ' ' ' 0 Zi). 

Observe that Z^^'> G ipn{My since G ipn{My and {Ie®Z n-i){I 
Zn- 2 ) ■ ■ ■ 0 Zi) G for any choice of elements Z^ G 

C{E^y, k = 1,2, ■ ■ ■ ,n — 1. It follows that fl3.ip may be rewritten as 

= z^^+^yiE®^ 0 ®---u®o). 

Consequently, we find that for ^ G E®™, we may define via the 
formula 

(3.2) W^9 = Z^^^'^\lE®m®Z^^y-\^®9), 9EE^y 
and once this is done, a straightforward calculation shows that 

(3.3) ei e E^y 6 e E^^. 
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In particular, then, G To+{E, Z) for every ^ G and k >1. The 
formulas just established show that the linear span of the W^, as ^ runs 
over fc > 1, together with all the V3oo(a), a G M, is 7o+(-E, Z). 

In the theory of single weighted shifts it is known that if the weighted 
shift is injective, i.e. if the weights are all different from zero, one can 
view the operator as an ordinary (unweighted) shift on a “weighted £2 
space". An analogous statement holds here, since we are assuming all 
the weights {Zj.} are invertible. 

Simply define E{k), k > 1, to be the IV*-correspondence that alge¬ 
braically is E®^ but has the M-valued inner product dehned by 

(3.4) (e, ii)z = ((^("^)e, e, h e E®\ 

Since Z^^^ G ipk{My for each k, it is easy to check that this equation 
dehnes a bonahde inner product on E{k) with respect to which E{k) 
is a IT*-correspondence over M. For k = 0, we set F’(O) = M and we 
form 

CXD 

k=0 

On Ez{E) we can define shifts by 

T['n = i®r,, ^eE®^,r]eE{k). 

Proposition 3.5. The unique additive map V : E(E) —)■ Ez(E) that 
sends rj G E®’^ to (Z *^^^)“^?7 G E{k) is a correspondence isomorphism 
and V*T^V = for all^ G E®'^. Further, V*(pff^{-)V = 'Poo{-), where 
= T.k>oTk{a), acting on Ez{E). 

The proof is a straightforward application of the formulas for multi¬ 
plication in Tq+{E, Z) established in Remark 13.41 

Remark 3 . 6 . The formulas in Remark 13.41 also reveal the sense in which 
we may assert that the Hilbert space representations of %+{E,Z) 
are parametrized by the pairs (< 7 , 3 ) where a ranges over the normal 
representations of M on Hilbert space and for each a, 3 ranges over 
oLf, a). Indeed, if a : M —)■ B{H) is a normal representation of M 
on H and if 3 G 3f(cr® o ip,a), then the map —)■ := ^ & E, 

is a bimodule map, which together with a, extends to a representation 
p of Tq+{E,Z) on H. That is, IR^(a) 5 b -t 3 -^</ 5 (a) 5 b = a{a)])L^a{h) and 
p(tv«.0fe) = t” 

all ^ E. As a result, we see that for all ^ G o ipk,(j), 

p(W^) = Conversely, given a representation p of To+{E, Z) with 

the property that p o ip^ := a is a normal representation of M and 
^ —)■ p{T^) is a completely bounded linear map on E, then ^ —)■ p{T^) 
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is a completely bounded bimodule map of E on if, and so by [3 Lemma 
3.5], there is a 3 G o ip, a) such that p{T^) = iL^. Further, the 
cb-norm of ^ p{T^) is || 3 ||. Our problem, then, is to determine 

when a 3 G o p, a) is such that the map — )■ extends to a 

completely contractive representation of T+{E, Z). 

We are unable to determine when such an extension is possible with¬ 
out additional assumptions on Z. However, we were led to our assump¬ 
tions asking somewhat more about possible extensions: We would like 
to identify those 3 G o p, a) that give rise to representations that 
may be realized as parts of induced representations. 

Definition 3.7. Let a be a normal representation of M on the Hilbert 
space H„ and let be the representation of C{E{E)) on E{E)®crHa 

that is induced by a in the sense of Rieffel j21]. We call the restrictions 
of to T+{E,Z), T{E,Z) and H°°{E,Z), the representations of 
T+{E, Z), T{E, Z) and H°°{E, Z), respectively, that are induced by a, 
and we denote all of them by 

The multiple usage of the terminology and the notation should 
cause no difficulty in context. 

Note that in the case and when M = C = E, a is 1-dimensional and 
there are no weights, E{E)®„H„ is just and in essence is 

the identity representation of Consequently, when a is the 

(essentially) unique representation of C on n-dimensional Hilbert space 
H, 1 < n < 00 , and when ^ G = C is the number 1, then 
is the unilateral shift of multiplicity n acting on £^(Z+) Z)H. If, in this 
setting, Z is a weight sequence of numbers, and if D is the diagonal 
matrix they determine, then is simply the 

n-fold multiple of the weighted shift acting on £^(Z+) (g) H. It was 
in this context that Muller investigated operators T G B{H) that can 
be modeled as a part of acting on ^^(Z+) (g) H. What he discovered 
was that when T G B{H) can be realized as part of acting on 
£^(Z_|_) (g) H, the isometry embedding H into ^^(Z+) (g) H that effects 
the realization is, on close inspection, related to the classical Poisson 
kernel. In a sense, this is not too much of a surprise. Indeed, since 
Foia§’s modihcation of Rota’s theorem |2], the work of de Branges and 
Rovnyak [2] and the growth of model theory in the 1960’s, it has been 
understood that the isometry that realizes the canonical model of a so- 
called C-o contraction is connected to the Poisson kernel. And of course, 
in |22], Popescu based his extension of Muller’s work on a generalized 
Poisson kernel. 
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Now in PI, we developed a Poisson kernel for representations of 
Hardy algebras in the unweighted case. Although we did not highlight 
this fact in [13], what appears to be novel about our discovery, and what 
is especially relevant for our current study, is the explicit role played by 
certain completely positive maps that lurk in the background and are 
not readily visible in situations studied heretofore. To motivate choices 
we will make shortly, it will be helpful to call attention to some salient 
features of our construction. 

Definition 3.8. (See |T3[ Definitions 6 and 8 ].) Let a : M — )■ B{H) 
be a normal representation of M, and let 3 G 3f(cr® o a) have norm 
less than 1. Then the Cauchy kernel evaluated at 3 is the map from H 
to B{E) (Do- H defined by the matrix 

(3.5) C'(3):=[3(°)*,3W*,3(2)*,3(3h,...]T 
The Poisson kernel evaluated at 3 is the operator 

(3.6) iP(3):=(/,r(u)®A43))C(3), 

mapping H to E{E) 0^ H, where A,,( 3 ) := {In - 33 *)^- 

Simple calculations show that <^( 3 ) intertwines a and the induced 
representation o i.e., C{^) G °Poo)- But in fact, 

the proof of Lemma 12 of PI shows that 

(3.7) 

C(3)(<T X 3 (F)) = <t^<®((F)C( 3 ) = (F 0 /«)C( 3 ), F e ff“(F). 

On the other hand, as we pointed out in [T31 Proposition 10], because 
commutes with is an isometry from 

H into E{E) H such that 

(3.8) iL( 3 )(aX 3 (F)) = (F 0 /)iL( 3 ), 

for all E G H°°{E). If one takes adjoints in Equation (13.8p . one sees 
that cr X 3 is obtained from the induced representation by re¬ 

stricting the latter to a co-invariant subspace. Thus, that equation is 
somewhat stronger than the equation 

(3.9) aX 3 (F) = iL( 3 )*(F 0 /)iL( 3 ), 

which simply says that a x 3 is the compression of to a semi¬ 

invariant subspace. 

The point that we want to emphasize here is that the intertwiner 
3 induces a completely positive map 0^ on the commutant of (j{M), 
a{My; vis. O^a) := i{Ie 0 0 ) 3 *, a G a{M)'. We have used this 
formula a number of places in our work (see, e.g., |9l[ini[l2l[Il]). Its 
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importance lies in the fact that the powers of 0 j can be expressed in 
terms of 3 via the formula 

0 j(a) =3W(/E®.®a)3W*. 

Further, since || 03 || = II 3 IP, the series 

(3.10) r := <-+0j + 0j + • • • , 

where l denotes the identity map on a{My, converges in the norm on 
the space of bounded linear maps on a{My, when || 3 || < 1. Further, 
still, in this case, the fact that C( 3 ) G o ip^) enables one to 

factor F as 

F(a) = Ci^niTiE) ® a)C{^), a E a{My. 

Of course, F is the resolvent {l — 0j)~^. Since 0^ and F are com¬ 
pletely positive maps, it is perhaps more appropriate to view 0 j as a 
noncommutative Markov kernel (or operator) and then F is a noncom- 
mutative analogue of its potential kernel (or operator) from probability 
theory [23l Dehnition 2.1.3]. The analogy becomes especially apt when 
II 3 II = 1 because, like potentials in probability theory, the convergence 
of the series (I3.inp becomes problematic when the kernel involved has 
norm 1. The more immediate point for us is that in equation (13.9p the 
normalization factor, Ie{e) <8 A* ( 3 ), may be expressed in terms of 0 j 
- A*( 3 )^ = (^ ~ underwrites the validity of equation 

fl3.9p . In fact, a careful reading of Muller’s [T71 Theorem 2.2] leads to 
the following theorem, which is the starting point of our analysis. 

Theorem 3.9. Assume the weight sequence Z = {Zk}k>o has the prop¬ 
erty that = Zn{lE Zn-i) ■ ■ ■ Zi) is positive for each n, 

and let := . Let a be a normal representation of M on a 

Hilbert space H and assume that 3 G 3{a^ o a) has the property that 
the series 

00 

(3.11) 

fc =0 

converges ultraweakly in B{H). Then: 

(1) For every a G a{My, the series converges 

ultrastrongly in B{H) and defines a completely positive map 0^ 
on a{My; and 

(2) If 0^ is the potential of a completely positive map (p on a{My, 

with norm ]|(;/)]| < 1, i.e., if 0^ = i + (p + fZ -E ■ ■ ■, as in fl3.1Up . 
then the operator V \ H ^ H defined by the formula, 

V = (lEiE) ® (/ - 0)(/)^)diag[l, i?i, R 2 , • • •]C( 3 ), 
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is an isometry with the property that 


(3.12) 

Va{a) = ((f 00 (a) 0 Ih)V, 

Qj G M. 


and 


(3.13) 

V(iLf) = (W^®lH)V, 



In particular, < 7 x 3 , which is defined initially on To+{E,Z) extends 
to an ultraweakly continuous representation of Z) that is uni- 

tarily equivalent, via V, to the compression of Z)) to a 

co-invariant subspace. 

The assumption that the are all positive is not necessary. How¬ 
ever, it simplifies the argument and for the purposes we have in mind 
for the theorem, the extra generality will not be used. 

Proof. The series fid.lip converges ultraweakly if and only if its partial 
sums are uniformly bounded. If the partial sums are bounded by N, 
say, then for all a G ct(M)', the partial sums of ^ 
are bounded by iV||a|p, and so this series converges ultraweakly. But 
then ® converges ultrastrongly. Observe that if 

II 3 II < 1, then the series converges in norm and then 0^ may be written 

0f (a) = C{iyn{IriE) ® a)nc{i), a G cr(M)', 

where IZ is the diagonal matrix with respect to the direct sum de¬ 
composition of E{E), diag[/, i?i, i? 2 ,-R 3 , • ■ ■ If IIbII = I 5 then the 
series may still converge in some sense even if the series representing 
0 ( 3 ) fails to converge. We encountered this kind of problem in (13| . 
The Poisson kernel may converge when the Cauchy kernel doesn’t. 
In any case, when the series fl3.1ip converges, we will write 0^(a) 
as C{]))*IZ{Ijr(E) ® o)IZC{])) without regard to the convergence of the 
Cauchy kernel. If 0^ is the potential of 0, i.e., if Qf{a) = (/ —0)“^(a) 
for all a G a{My, where 0 is a completely positive map on a{My of 
norm at most one, then (/ — 0)(/) is a positive element of a{My and 

HW = C(3)*7^(J^(i^)®(/-0)(/))7^C(3) 

= 0fo(/-0)(/) 

= I. 


Thus V is an isometry. 

The equation fl3.12p is immediate because Ie{e) Z) {I — fil))^ com¬ 
mutes with a^^^\C{E{E)) and, because Rn lies in ipn{MY, € 
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The equation (I3.13p requires a bit more calculation. Observe first 
that Zfc = R^^(Ie <8) Rk-i) for all k . To prove fl3.13p we need to show 
that for every k we have 

®{I- m)hiRk ® 

= (it; (8) /rf)(W+i) ® (/ - m)hiRk+i o 

To do this we shall show that, for every k, 

L^f\Rk ® Ih){Ie^'^ O (/ - mtY 

= {Ie ® d‘'^^){Rk+i <8) Ih){IE®('-^+^) ® {I — 0)(/)2)(1T5 0 Ih) 

as operators on 0 H. So, hx 0 G and h ^ H and apply the 

right-hand-side of this equation to 0 0 h to get 

(3.14) 

{Ie 0 Y'^YiRk+i o /h)(W+i) ® (/ - ® iH){e O h) 

= {Ie ® Y’‘^){Rk+i ® Ih){Ie^(^+^) ^(1- (j)){I)~Y{Zk+i{^ 0 0) 0 h) 

= {Ie <8) Y’‘Y{Rk+iZk+i{^ 0 0) 0 (/ - 0)(/)U) 

= {Ie <8) ® RkO 0 (/ - 0)(/)^h) 

where, in the last equality, we use the fact that Zk+i = R^I^Ie Rk)- 
Since {Ie RkO {I — (p){I)^ h) equals L^Y’^KRkZi Ih){Ie(^>= 

(/ — (p){I)^){6 0 h), the proof of (I3.13P is complete. 

For the hnal assertion of the theorem, simply note that equations 
fl3.12p and fl3.13p express the fact that V intertwines the generators of 
a X 3 (To+(i?,-Z’)) and the generators of a^^^'>{'Io+{E, Z)). From this, 
the assertion is an immediate consequence. □ 

4. Special Potentials 

Under natural minimal hypotheses, a weight sequence Z always gives 
rise to a weighted shift and a completely positive operator 0^ for suit¬ 
able 3 ’s. It appears to be a difficult matter, however, to determine if 
0^ is the potential operator for a completely positive map on cr(M)'. 
Consequently, it seems best to reorient our focus and seek completely 
positive maps on a{My whose potentials may be expressed in terms of 
weighted shifts. For the rest of the paper, we focus on one attractive 
source of completely positive maps with this property. Our choice was 
inspired by the paper of Muller, particularly m Theorem 2.2], the 
memoir of Popescu |2T], and especially the following simple calcula¬ 
tion; If {xk}k>i is a sequence of nonnegative numbers, with xi > 0, 
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such that the power series ^ XkZ^ has a positive radius of convergence, 
then for \z\ sufficiently small, we may write 


1 

1 - Efc>i 


E 

A:>0 




where the are strictly positive numbers. In fact, the r^’s may be 
computed easily in terms of the x^’s. This calculation will be contained 
in the proof of Theorem 14.51 


Definition 4.1. A sequence X = of operators will be called 

admissible in case it satishes the following three conditions; 

(1) Xk G (pk{MY. 

( 2 ) Xk > 0 for all /c > 1 and Xi is invertible. 

(3) limsup llXfcll fc < cx) . 

Lemma 4.2. If X is an admissible sequence, with p := limsup ||XA;||fc, 
and if a M ^ B{H„) is a normal representation, then for all i G 
3(a^ o (p, a) with || 3 || < p ~2 ^ 

OO 

(4.1) 

k=l 

Proof. The term is dominated by || 3 |p^||Xfc||. If 

II 3 II < then limsup || 3 ^^^(Xa; 0 II F < 1 and so (SH) con¬ 
verges. □ 


Definition 4.3. If X = {Xa,}^^ is an admissible sequence and if 
a \ M ^ B{HY is a normal representation of M, then D{X,a) is 
dehned to be 

OO 

Ue3{a^op,a) I ||5^3('=)(Xa,®/hJ3^"^1I <1}, 

k=l 

and is called the (open) disc associated to X and a. 

Observe that by Lemma [4.21 D{X,a) contains a non-empty, norm- 
open neighborhood of the origin in 3{a^ o (p, a). 

Lemma 4.4. Let X = {X^^^Li admissible sequence and let 

a \ M ^ B{Hcr) be a normal representation. Then every 3 G D{X,a) 
determines a completely positive map $3 on a{M)', of norm at most 
one, via the formula 

OO 

«,(«) :=Et'‘’(W®a)jW-, 

k=l 


(4.2) 


a G a{M)', 
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called the prepotential determined by {X and) 3 . 

Proof. The assumption that is a positive element in ipk{My guar- 

, 1 

antees that e cr). Consequently a —)■ {lE®k ® 

a){i^^^Xf)* = }f^\Xk ® is a completely positive map on a{M)'. 

Then so are the partial sums, a —)■ J2k=i ® 0 ) 3 *'^^*, of the series 

dehning $ 3 . Their norms are achieved at a = Ih„- The hypothesis 
guarantees that these are all bounded by 1. Therefore the sum is a 
completely positive map of norm at most 1 . □ 

Theorem 4.5. Let X = {Xk}k>ibG an admissible sequence. Then there 
is a unique weight sequence Z = {Zk}k>o with these four properties: 

(1) Zk e (pk{MY , k>0, 

(2) > 0 for all m>l, 

(3) If Rm is defined to be then for each normal represen¬ 

tation a of M on a Hilbert space H and for each 3 G D{X^ a), 
the series ® converges in norm, and 

(4) If is the completely positive map on a{M)' defined by R and 
3 as in Theorem \3.(k then 0^ is the potential of $ 3 . 

Proof. We produce the Rm's hrst, and dehne the Z^’s in terms of them. 
Their uniqueness will then be established. 

Let 3 be an element of the disc, D{X,a), and form the completely 
positive map on a{My dehned by equation 14.21 We want to compute 
{l — 4 ) 3 )“^. Note that the norm of $3 is || 4 > 3 (/)|| < 1, by hypothesis. 
Therefore, (t—$ 3 )“^ = Ylk>o which converges in norm. To compute 
4>j, let a G a{M)'. Then 

4 ^( 0 ) = 

k 

k^p 

k,p>l 

Relabel the last sum to get 

00 

Xp 0 Xfc < 8 ) a) 3 (^>, 

j=l p+k=j 

and then iterate the process to hnd that all Z > 1 , 

k>l i\-\ - \-ii=k 






MATRICIAL FUNCTION THEORY AND WEIGHTED SHIFTS 18 

Consequently, 


l>0 k>l ii-\ - \-ii=k 

k>l />0 2iH- 'rH=k 

where empty sums are treated as zero. Introducing notation suggested 
to us by Jennifer Good, which clarihes the last sum, we write 

i 

(4.3) F{k, /) := {a : {1, 2, • • ■ , ^ N I ^ a{i) = k}, 

i=l 

for positive integers k and /, with I < k. Then one hnds that 






oo k I 

= a + Et‘’{(E E 

k=l 1=1 aeF{k,l) i=l 


Set 


(4.4) 


Rk : — 


k 

E E 

1=1 aeF{k,l) 


I 



i=l 



k > 1, 


and note that each is invertible by virtue of the assumptions that 
Xi is invertible and that all the Xj are nonnegative. Also, set 

(4.5) Z k '■= Rk^{I E ® Rk-i)■, k>l^ 


and set Eq = R If is clear that the route from {Rk}k>i to Z = {Zk}k>D 
may be traversed in reverse and therefore Z is uniquely determined and 
satishes > 0 for all m > 1. The only thing that really remains to 
prove is that Z is a bounded sequence. 

For this purpose, hrst note the following two equations, whose veri- 
hcations are immediate from the dehnitions; 


(4.6) k>l, 

and 


Y,Xi»Rl-, = Rl 


1=1 


(4.7) 


k> 1. 
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These equations combine to yield 

k 

(4.8) E ZkilE ® Zk-l) ■ ■ ■ ® Zk+l-l){Xi lE®k-l) 

1=1 

{Ie(SI-i <8 Zk+i-i)* ■ ■ ■ {Ie ® Zk-l)*Zl = lE»t=- 


Indeed, 


k 

Mh 0 z.-.) ■ ■ ■ (/e*.-. 0 (K) Ie^^-i) 

1=1 

X {Ie®i-i ® Zk+i-i)* ■ ■ ■ {Ie ® Zk-i)*Zl 
k 

= ^ Zk{lE ® Zk-l) ■ ■ ■ {Ie»‘-^ ® Zk+i-i) 

1=1 

X (X; 0 Z^^-^'>RI_,{Z^^-^'>)*){Ie^i-i 0 Zk+i-i)* ■ ■ ■ (Ie 0 Zk-i)*Zl 
= Z^^\Xi 0 Rl_i){Z^^^y = Z^^^RliZ^'^y* = lE0k. 

But equation fl4.8p contains the term Zk{Xi 0 lE 0 k-i)Zl and all the 
summands are nonnegative. Therefore, Zk{Xi 0 )z;< Ie^^, for 

all fc > 1 . Since Xi is invertible, there is an a > 0 such that Xi > gIe 
and it then follows that aZkZ^ < lE®k and, thus, \\Zk\\ < ^/\fa for 
every /c > 1 , i.e., Z is a bounded sequence. □ 

Theorem fl4.5p raises two questions which need further investigation 
that we shall not pursue here. First, “Are all weighted shifts covered by 
this theorem?” That is, can every weighted shift with positive weights 
be realized through a potential of a suitable admissible sequence? The 
answer is “No”. In her thesis |1], among many things, Jennifer Good 
has shown that the Bergman shift does not arise from an admissible se¬ 
quence in the fashion described in Theorem l4.5l The second question is: 
“Are the prepotentials $3 built from admissible sequences the only pre¬ 
potentials that give rise to weighted shifts?” The answer, again, is “No”. 
In his thesis, Itzik Martziano studies the following generalization of our 
setting. Let X = {Xk}k>i be an admissible sequence, let m be a posi¬ 
tive integer and let D{X^ cr, m) := {3 | {id — ^^^{I) >0, I < k < m}, 
where $3 is the series of completely positive maps on a{M)' deter¬ 
mined by 3 and X through 14.21 and where id denotes the identity map 
on a{M)'. He shows that in such a situation, it is possible to build a 
weight sequence Z such that every point in D {X, a, m) gives a com¬ 
pletely contractive representation of 7+(Z, Z). Further, with additional 
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technical hypotheses, every completely contractive representation of 
7+(-E', Z) comes from a point in -D(X, a, m). 

Definition 4.6. Let X be an admissible seqnence. A sequence G = 
{Gfc}fc>o of invertible operators, with Gk G (pk{MY, for all k, is said 
to be associated to X in case = R^-, where Rm is defined 

in terms of X in (I4.4jl . The sequence Z = {Zk}k>o constructed in 
Theorem 14.51 from X is called the canonical weight sequence associated 
with X. 

The canonical weight sequence need not consist of positive operators, 
as is evident from the definition. Nevertheless, as we shall see, Z is 
equivalent, in the sense of the following definition to a sequence with 
positive terms. 

Definition 4.7. Suppose A = {Ak} and B = {Bk} are both sequences 
of weights associated with admissible sequences. Then A and B are 
called equivalent if, for every /c > 0, there is a unitary operator Uk G 
ipk{MY such that 

Bk+i = Uk+iAk+i{lE k >1. 

Lemma 4.8. If A = {Ak} and B = {Bk} are both sequences of in¬ 
vertible weights, with Ak,Bk G (pk{MY, then A and B are equivalent if 
and only if they are associated with the same admissible sequence. 

Proof. Suppose the two sequences are equivalent and {Uk} are as in 
Definition 14.71 then B^^'^ = UkAU') for all A; > 1 and, thus, A^^^*A^^"> = 
B(k)*BP), Since the X^’s can be calculated in terms of the RYs and 
since the R}s can be calculated in terms of the weight sequence by Def¬ 
inition Hfol we see that the equation implies that 

the two sequences A and B come from the same admissible sequence. 
For the converse, assume that the two sequences are associated with 
the same admissible sequence. Then A^^'>*A^’^'> = for all k. 

We construct the sequence {Uk} in Definition 14.71 inductively. We set 
Uq = I and Ui = BiAf^. Then Ui is a unitary operator since it is 
invertible and A^Ai = B^Bi. Suppose Ui,U2, ■ ■ ■ ,Uk have been chosen 
such that Bi = UiAi{lE®Uf_Y) for I < k. It follows that, for every such 
/, = UiA^^f Set Uk+i = Then Uk+i is invertible 

and 

U*Uk = ((yl('^+b)-i)*(5(fc+i))*5(fc+i)(yl(fc+i))-i 
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Thus Uk +1 is unitary and ■ Therefore 

fifc+i = 0 5^)-' = Uu+iA^'^^^\Ie 0 A^^^)-\Ie 0 Uuf 

= Uk+iAk+i{lE 0 Uk)*■ 

□ 

Lemma 4 . 9 . If X = {Xk}k>i is an admissible sequence, then there is 
a unique sequence Z = {Zk}k>o of weights associated with X such that 
Zk>^ for every k >1. 

Proof. The proof is by induction. For k = 0, Zq = I, by convention. 
For k = 1, Zi is dehned by the equation Zf = so that Zi is uniquely 
determined and clearly Zi invertible. Suppose that Zi, Z 2 ,... Z^ are 
positive and invertible. Then Z^^\ ..., are invertible, and as we 
want (g) Z^^l)*Zf:^{lE 0 ZA^i), we simply 

dehne 0^+^ := {{Ie 0 Z^^'^Y)-^e 0 Then Zm+i is 

positive and invertible, and its uniqueness is manifest. □ 

The proof of the following lemma is straightforward and is omitted. 

Lemma 4 . 10 . Suppose A = {Ak\ and B = {Bk} are two equivalent se¬ 
quences of weights associated with the same admissible sequence X and 
let {Uk\Y=o ® sequence of unitary operators implementing the equiv¬ 
alence with Uq = I. Write U for the diagonal operator on R{E) defined 
by {Uk}Y=o ’ lotUO = UkO, for 9 G E®^. Then U is a unitary oper¬ 
ator in C{E{E)) that commutes with (poo{M) ond satisfies the equation 
WfU = UW^ for alii e E. Consequently, UT+{E, A)U* = T+Ie, B), 
UT{E, A)U* = T{E, B), and UH^{E, A)U* = H^{E, B). 

Thus, the algebras we are studying are all artifacts of the admissible 
weight sequence X and, up to unitary equivalence, the representation 
theory of each algebra depends only upon X. 

5. Representations and the Poisson Kernel 

Throughout this section X = {Xk}k>i will be an admissible weight 
sequence and Z = {Zk}k>o will be a sequence of weights associated to 
X . Our goal is to prove 

Theorem 5 . 1 . For each normal *-representation a of M, the com¬ 
pletely contractive representations of the tensor algebra T+{E, Z) whose 
restrictions to <poo(Tf) is a are parameterized by the points in D{X, a). 
That is, a representation of the algebraic tensor algebra To+{E, Z) 
extends to a completely contractive representation of the full tensor al¬ 
gebra Te{E,Z) if and only if i belongs to D{X,a). Further, if ^ ^ 
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D{X,a), then cr x 3 extends to an ultraweakly continuous completely 
contractive representation of H°°{E,Z). 


The key ingredient to be introduced and used in this effort is the 
Poisson kernel built from Z. 

We write W = for the weighted intertwiner in o ip^ ip) 

determined by Z and we write for the projection in C{P{E)) onto 
the summand of P{E), E®^^ fc > 0. Note that W may be viewed 
matricially as 


W 


'0 0 0 

0 0 
0 Z 2 0 


acting from to ^ promoted to a 

sequence of operators X = {Xk}k>o on P{E), where Xq = 0 and for 
k > 1, Xk is the diagonal operator whose diagonal entry Xk{l) is 
given by 


(5.1) 


Xk{l) := 



I < k 
I > k 


The proof of the following lemma depends heavily on equation 14.81 
In that equation, the sequence Z is the canonical sequence associated 
with X. However, the only fact about Z that was used is that it is 
associated with X, i.e., that where Rm is defined 

in terms of X in fl4.4p . So in particular, that equation is valid for the 
choice of Z made at the outset of this section. 


Lemma 5.2. With the notation established, 

00 

(5.2) = Ir(E) - Po. 

k=l 

Proof. Write L for the left-hand side of fl5.2p . Then it is easy to see 
that L is a diagonal matrix and so we need only attend to its diagonal 
entries. For / = 0, PqLPq = 0, by definition. For / = 1, 


PiLPi = PiWXiW*Pi 

= PiWPiXiPiW*Pi = Pi{ZiXiZl)Pi 


= P1, 
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by equation (14.81) . To compute PiLPi for I > 1, note first that for k < I, 

P^W^PPi = PiW{Ie 0 hh) ■ • ■ (4®(fc-i) 0 W)Pi 

= PiWPi{Ie 0 W)Pi ■ ■ ■ Pi{lE®(k-i) 0 W)Pi 
= PiZi{Ie 0 Pi-iZi-iPi-i) ■ ■ ■ {lE®(k-i) 0 Pi-k+iZi-k+i)Pi 

= Pi{Zi{Ie 0 Zi-i) ■ ■ ■ {lE®(k-i) 0 Zi_k+i)Pi- 
It follows easily from equation fl4.8p that PiLPi = Pi for every / > 0. □ 

Suppose, now, cr is a normal representation of M on a Hilbert space 
H„, and let 3 G oip, a). Then, as we noted in Remarkthe pair 
(cr, 3 ) determines a purely algebraic homomorphism or representation 
of To+{E, Z) in denoted cr x 3 , by the formula 

cr X 3(y?oo(a)+ = cr(a) + 

fc>i fc>i 

where ^k £ and, recall, is the map from to E®^ Z)a Ha 
defined by the formula := ^k 0 h. We want to determine when 
cr X 3 extends to a completely contractive representation of T+{E, Z). 
We first show that each point in the open disc D{X, cr) defines a com¬ 
pletely contractive representation of T+{E,Z). In fact, we show that 
such representations automatically extend to ultraweakly continuous, 
completely contractive representations of cr). We then focus on 

points on the boundary of D{X,a). Finally, we show that each com¬ 
pletely contractive representation of T+{E, Z) is determined by a point 
in D{X, cr). 

Definition 5.3. Let X be an admissible sequence and let Rk be defined 
as in equation (14.4p . Given a normal representation cr on iL and an 
element 3 G D{X,a), we set A*( 3 ) = (/- 0 

The Poisson kernel, denoted i^( 3 ), is the operator K{ 2 ) ■. H ^ P{E)®a 
H defined by 

K{i) = {Ihe) ® {Ri 0 W {R 2 0 IhW^^T .. .]^ 

That is, 

K{})h = {Ir{E) 0 A*( 3 ))(h © {Ri 0 lH)fh © {R 2 0 © • • •) 

for h G H. 

It should be emphasized that a priori the sum representing K{]))h 
converges only for 3 G D{X,a). The following lemma shows that the 
series representing iL( 3 )*iF( 3 ) converges in the strong operator topol¬ 
ogy and identifies the sum. From this one concludes that the sum 
representing K{]))h converges strongly for all 3 G D{X,a). 
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Lemma 5.4. Assume 3 G D{X,a) and let $3 be its prepotential as 
defined in Lemma \4-4\ Then 

(1) The sequence ® decreasing sequence of positive 

operators on Her, with strong limit denoted Q^. 

( 2 ) >i>40,) = ( 2 ,. 

( 3 ) A'(,)"A'(,) = /«-(?,. 

(4) Ifj € D{X,a), i.e., !/|| Eti 3“’At ®< 1, then 

Qj = 0 and, consequently, = Ih so that -ft"( 3 ) is an 

isometry. 


Proof. For the first assertion, note that ^j{I) < I and $3 is completely 
positive. Thus the sequence is decreasing. The second assertion is im¬ 
mediate. For the third, we compute. But first note that all the terms in 
the sums involved are non-negative and so sums may be interchanged. 

CXD 

KUrm = A.( 3 )" + ® A.( 3 )t 3 <‘’* = 

k=l 


= A.(3)^ + 5^3'‘) 

k=l 


E E 

1=1 a&F(k,l) i=l 


X. 


a{i) 



^(k)* 


k=l l<k ii+i 2 -\ - \-H=k 

Now we compute again; 


4>,(3<‘>(-Yj0A.(3)2)3<'='-) 

00 

= ® 3(^)(X, 0 A,(3)2)3W*)3M* 

m=l 

CXD 

= 3(”^)(X^_fc0X,0A,(3)2)3M*, 

m=k-\-l 

and conclude 

00 

m =2 ii-\-i2=m 

Similarly, 

CXD 

$;(A,(3)2) = X,, 0 X,, 0 • • • 0 X,, 0 A,(3)2)3(-)*. 

m=l ii+i2-\ - \-ii=m 
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Combining these computations, we find that 

OO OO 

Kwm = a.( 3)"+E Y(3)t = -r -*;(/)+E - w) 

1=1 1=1 

= /-lim $;(/) = /-<3,. 

The fourth, and final, assertion is immediate. □ 

Lemma 5.5. Let a be a normal representation of M, let X he an 
admissible sequence and let Z = {Zk} be an associated sequence of 
weights. 

(1) If Z is the canonical sequence of weights associated with X, 
then, for every f E E and every 3 G D{X, a), 

(5.3) = (IL; 0 lH)K{i) 

where L^h = f Z) h for f E E and h E H. 

(2) For a general sequence of weights Z, there exists a unitary oper¬ 
ator, U E C{E{E)) r\ ipoo{M)', that maps each E®^ onto itself, 
such that 

(5.4) (f/ 0 lH)K{i)Llf = (IT^* 0 Ih){U 0 Ih)K{D. 

(3) For a E M we have 

(5.5) o ip^{a)K{i) = ((poc(a) Ih)K{i) = K{i)a{a). 

Proof. To prove fl5.3D we need to show that for every k we have 

{lE(glk 0 

= (W-y 0 /«)(W*., 0 A.(j))(ft+i 0 /h)(3''-'+‘>)-. 
To do this we shall show that, for every k, 

L^i’^\Rk 0 Ih){Ie^^ ® A*( 3 )) 

= {Ie 3^*^^)(i?fc+i 0 Ih){I® A*(3))(lT’g 0 Ih) 

as operators on E®^ 0 H. So, fix 0 G and h E H and apply the 
right-hand-side of this equation to 6^ 0 h to get 

{Ie ® 3^^^)(i?fc+i O /h)(W+i) 0 A 43 ))( 1 T^ 0 IhW 0 h) 

= {Ie ® ® /r3)(4®(fc+i) 0 A,(3))(0fc+i(e 0 0) 0 h) 

= {Ie ® f\Ru+iZu+i{f 0 0) 0 A,(3)h) 

= {lE®f^){i®Rke®X,{i)h), 
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where, in the last equality, we used the fact that Zk+i = 

Since {Ie ® RkO ® ^*{'h)h) is equal to L^i^^\Rk ® Ih){Ie®>^ ® 

A* ( 3 )) ( 6 * ® h), this proves 15751 

For part (2), use part (1) and Lemma 14.101 Part (3) follows from 
the definition of K{i) since R^ € for all k and 3 *^^^ intertwines 

a and ipk ® Ih- D 

Definition 5.6. If Z = {Zk} is a sequence of weights associated with 
an admissible sequence X, then the Z-Poisson kernel, written Kz , is 
defined by the equation 

Kz{i)-.= {U®Ih)K{i) 

where U is the unitary operator referred to in Lemma 15.51 (2) and 
3 eD(X,a). 

Note that if Z is the canonical sequence associated with X, then 

Kz = K. 

Definition 5.7. Suppose a is a normal representation of M on iL and 
that 3 G D{X,a). Suppose also that Z = {Zk}k>Q is an invertible 
sequence of weights associated to X. The formula 

T ^ KzilTiT 0 Ih)Kz{i), T G C{R{E)), 

defines a map from C{R{E)) to B{H) called the evaluation map deter¬ 
mined by 3 and is denoted Tj, or depending on context. 

Remark 5.8. Assertion (2) of Lemma [53] shows that A'( 3 ) is a contrac¬ 
tion for each 3 G D(X, a) and therefore so is Kz{}) = {U 
Consequently, '^z,i is completely positive and contractive; it is unital 
if and only if Qj = 0 . 

Corollary 5.9. Suppose 3 G D{X,a) and = 0 (as is the case if 
II ®< ^)- Then the evaluation map ^z,i re¬ 

stricted to H^{E, Z) is an ultraweakly continuous, completely contrac¬ 
tive representation of H°°{E, Z) on H^r that extends ax^ on 7o+(Z, Z). 
Specifically, 


(5.6) 

and 

^z,3(‘^oo(a)) = (T{a), 

d G M ^ 

(5.7) 


^ G 


Proof. The assumption that = 0 implies that K{^) and Kz{^) are 
isometries. If ax is the induced representation ax = restricted to 
H°°{E,Z), then the range of Kz{i) is coinvariant for ax{H°°{E, Z)) 
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by equations 15.31 and 15.51 This shows that the restriction of z,^ to 
is an ultraweakly continuous, completely contractive repre¬ 
sentation of Z). Equation 15.61 follows from equation 15.51 and 

the fact that U ®Ih. commutes with o As for equation 15.71 

observe that equation 15.41 shows that 

Kz{d)Llf = {U^ Ih)K{i)LIi* = (it; ® Ih){U ® Ih)K{i) 

= {W^®lH)Kz{i). 

Since Kz{l) is an isometry, we may multiply both sides of this equation 
by Kz{l)* to obtain Kz{'}))*{W^®Ih)Kz{i) = If we take adjoints 
in this equation, then we have equation 15.71 for the case ^ E E. The 
general result now follows from this case. Remark 13.41 and the fact that 
'^z,i restricted to H°°{E, Z) is a homomorphism. □ 

We have shown that each 3 G D{X,a) such that = 0 deter¬ 
mines a unital completely positive map on all of C{E{E)) with the 
property that the restriction to T+{E,Z) is a completely contractive 
representation. We now want to show that independent of whether or 
not Qj = 0 , 3 determines a completely positive contractive map 4/^^ 
on the operator system span{TS* | T, S' G 7+(E, Z)}, which contains 
T+{E, Z), with the property that its restriction to T+{E, Z) is a com¬ 
pletely contractive representation such that on M, it gives rise to a 
normal W*-representation. 

Proposition 5.10. Given 3 G D{X,a), there is a unital, completely 
positive linear map 

'^z,i : Wm{TS* \T,Se r+(E, Z)} -E B{H^) 

that restricts to a completely contractive representation ofT+{E,Z) and 
is such that, for ^ G and rj G E®™, 

'I'l.iiwr;) = 

and 

z,i{(Poo{a)) = a{a) 

for a G M. 

Proof. For every 0 < r < 1, r 3 has the property that Qr^ = 0. There¬ 
fore, the evaluation map '^z,ri is a unital completely positive linear 
map on all of C{E{E)) mapping to by Remark 15.81 In fact, 

° Poo = O' for each r, 0 < r < 1. Further, each d'z.rj restricts to 
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a completely contractive representation on T+{E,Z) by Corollary 15.91 
Moreover, by Corollary 15.91 we also have, for ^ G and rj G 

(5.8) 

Hence the restriction of z,r}, to & := span{TS* | T, S' G T+{E, Z)} has 
all the desired properties. As in [U p. 146 ff], we shall write H(©, ffa-) 
for the Banach space of all bounded linear maps from © to B{H„) with 
the operator norm and the point-ultraweak topology. Remark 1.1.2 of 
[1] coupled with [H Lemma 1.2.4] shows that the collection of all uni- 
tal, completely positive maps in is a compact subset of the 

unit ball, Bi{&, H^j) in this topology. If denotes any limit point of 
z,rj}o<r<i, then it is easy to see that z,i has all the desired proper¬ 
ties. For instance, on the one hand, z,}{W^W*) is the ultraweak limit 
{'^z,riiW^W*)}o<r<i- On the other, is the ultraweak limit 

of Therefore, '^z,iiW^W*) = 

by f|5.8l) . The other requirements of are verihed equally easily. □ 

We now want to show that every completely contractive represen¬ 
tation p of T+{E, Z) with the property that a := p o is a normal 
representation of M is determined by an element 3 G D{X,a). For 
this purpose, we require the following lemma, which may appear in the 
literature. However, we supply a proof since we do not know a specihc 
reference. 

Lemma 5.11. Let E he a W*-Hilbert module over a W*-algehra M, 
and let X he a positive element of C{E). Then there is a family of 
vectors in E, {^a}a£A, such that 

aeA 

in the sense that if E is the set of all finite subsets of A directed by 
inclusion then the net of all finite partial sums of the series, 

CqIfgj'; converges to X in the ultrastrong topology on C{E). 

Proof. The proof of Theorem 3.12 of [19] shows that there is a set of 
vectors {pa}aeA ill E which is maximal in the collection of all sets of 
vectors with the properties that {pa, Vy) = 0, if a 7 ^ /5, while {pa, Va) is a 
projection for all a. Such a set has the property that Ie = Yha&A VaZ)Pa 
in the sense that the net of hnite partial sums converges to Je in the 
ultraweak topology. Indeed, each of the operators paZtp^ is a projection 
and any two of them are orthogonal. Therefore the sum converges to 
a projection P G E{E), say, in the ultraweak topology. If the sum 
were not Ie, then a nonzero vector ( in the range of / — P can be 
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found SO that (C, C) is a projection, by [191 Proposition 3.11]. Adding 
C fo {ria}aeA would contradict the maximality of {i/ajaeA- With such 
a family {'r]a}aeA in hand, let '■= Then a straightforward 

calculation shows that 

® {X^VaY = ^ ri*JX^ = X. 

qGA a^A qGA 

The conclusion that the net converges ultrastrongly to X follows from 
the fact that the partial sums are nonnegative elements of C{E) that 
increase to A. □ 

Remark 5.12. If the hP*-algebra M is countably decomposable and if E 
is countably generated as a iy*-Hilbert module over M, then C{E) is 
countably decomposable and the set A in Lemma 15.111 may be chosen 
to be countable. 

Also, if M is a unital C'*-algebra and if A' is a countably generated 
Hilbert C'*-module over M, then by Kasparov’s stabilization theorem, 
we can find a sequence of vectors in E, {'f]n}n>i, with the property that 
X]n>i Vn^Vn = where the series converges in the strict topology on 
C{E), viewed as the multiplier algebra of K{E). It follows that if X is 
a positive element of C{E) and if then X]n>i = X, 

with convergence in the strict topology. 

Recall that in Remark 13.61 we noted that if p is a completely con¬ 
tractive representation of T+{E, Z) such that a := poipoo is a normal *- 
representation of M, then the map ^ -A- p(Hg) is a completely bounded 
bimodule map on E, and so there is an element 3 G 3{a^ o p, a) such 
that p{WY) ~ 3-^?- following lemma completes the proof of Theo¬ 
rem [ATI 

Lemma 5.13. //3 G o <p, a) is such that the representation p 

defined by the equation p(ITj) = 3 T 5 is completely contractive, then 3 
lies in D{X, a). 

Proof. As we noted in Remark lT6l piW^) = for all ^ G i?®”. By 

lemma 15.111 we may write each A^ = 'f2aeA{k) ® ^ suitable 

indexing set A{a), where ^ E^^. Fix k and let E{k) be a finite 
subset of A{k). Then 

(6.9) 5^ 

aGF(k) aGF{k) 

a&F{k) 
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Since p is completely contractive and nnital, we may apply Arveson’s 
dilation theorem jT], Theorem 1.2.9] to prodnce a C'*-representation tt 
of the weighted Toeplitz algebra T{E,Z) on a Hilbert space and 
an isometry V \ H ^ such that p(-) = V*'k{-)V. We may then 
continue equation 15.91 with 


( 6 . 10 ) 5 ^ ^ Vir(W^)VV7r(WiJV 

CKE-F(fc) Oi^F{k) 

< Y. vMW(Mw^rv = V Y 

aGF{k) aGF{k) 


= V*7rl \v = v*7il WW( V. 

\a£F{k) J \ a&F{k) ) 

Combining fl5.9p and fIS.lOp we conclude that for each positive integer 
n and for each choice of finite subsets F[k) C A{k), 


k=l \aeF(k) 


- 1 Y 1 I ^ 

k=l aeF(k) 


v‘w I ^w-W( J] (^„®e)®/^,E))ir'*)* I K 

k=l a£F{k) 


The expression ELi ® O ® F{e))W^^'>* is domi¬ 
nated by for each n. Each of these, in turn, is 

dominated by F{e), by virtue of Lemma [5.21 Therefore, even though 
we do not know vr is normal, we still may conclude that the supre- 
mum of the operators on the left-hand side of equation (15.lip , which 
is ® is dominated by Ih- □ 


6. Dilations and Coextensions 

In this section we study dilations and coextensions of completely 
contractive representations of T+{E,Z). Recall that in general, if pi : 
A B{Hi) is a representation of an algebra A on a Hilbert space Lfj, 
i = 1,2, then p 2 is called a dilation of pi in case there is a Hilbert space 
isometry V : Hi ^ H 2 such that pi(a) = V*p 2 {a)V for all a E A. If 
P 2 is a dilation of pi, then the operators p 2 {a) admit a block matricial 
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decomposition which may be described as follows. Let M.\ be the 
smallest subspace of H2 that contains the range of V and is invariant 
under ^2(0) for all a G A and let A^2 be the orthogonal complement 
of VHi in A^i. Then, as Sarason showed in | 27 ], corresponding to the 
family of subspaces {0} C ^ -^1 ^ H2, every p2{o) has an upper 
triangular block matrix decomposition; 


P2{a) 


<Ji{a) * * 

0 (72 (a) * 

0 0 (73(0) 


VHi IS 
, then 


where each Uj is a representation of A and (T2{-) = VV*p2{-)V 

unitarily equivalent to pi. If = iL2, so p2(-) = ^ *1 

L U CT2( 

not only is p2 a dilation of pi, it is also called a coextension of pi. Thus, 
a dilation p2 of pi(-) = V*p2{ )V is a coextension of pi if and only if 
the range of V is invariant under the operators {p2(a)* | a E A\. 

In our setting, if a x 3 is a completely contractive representation of 
T+{E,Z) on a Hilbert space H, then the role of the Poisson kernel 
K{2i) (Dehnition 15 . 3 p is to be an isometry that realizes the induced 
representation (restricted to T+{E)) as a coextension of cr x 3. 

Of course, K{i) is an isometry if and only if Qj = 0 in Lemma [ 5.41 but 
when it is. Corollary 15.91 shows that it realizes as a coextension 

of cr X 3. In Theorem 16.91 we will show how to compensate for the 
possibility that K{i) may not be an isometry. 

Recall that the Z-Toeplitz algebra, E{E, Z), is the C'*-subalgebra of 
C{E{E)) generated by T+{E, Z). Our first objective is to identify the 
representations a x D of T+{E, Z) that are the restrictions to T+{E, Z) 
of C'*-representations of T{E, Z). Our results may seem somewhat pro¬ 
visional because their proofs are based on hypotheses that are not uni¬ 
versally satished. Nevertheless, they do have considerable applicability 
and their inclusion here is waranted because they help to illuminate 
the representation theory of T+{E, Z). 

Throughout this section, M, E, X and Z will be fixed. There are 
three special hypotheses that play a role in our analysis. 

Hypothesis A. K{E®^) = C{E®^) for all A; > 0 . 

This hypothesis is the assumption that E is hnitely generated in a 
strong sense. It is satished in many examples. We know of no hnitely 
generated correspondence E such that 1 C{E®^) 7^ C{E®^) for some 
k> 2 . 


Hypothesis B. The Z^’s are uniformly bounded below, 
i.e., there is an e > 0 such that Z^ > e/£;®fe for all fc > 1. 
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Hypotheses B guarentees that Z is invertible in of course. 

Hypotheses A and B, together, guarentee that the unweighted tensor 
algebra, 7+(i?), is contained in 7+(i?, Z), as we shall see. 

Hypothesis C. There is an a such that 

(limsup \\Xk\\^)lE < alE < X^. 

Note that Hypothesis C is satished if there are only hnitely many 
nonzero weights Xk- Hypotheses A, B, and C, together guarentee that 
a variant of our generalization of Wold’s decomposition theorem [HI 
Theorem 2.9] is valid for represenations of T(T^, Z) as we shall see in 
Theorem 16.21 

By virtue of Arveson’s dilation theory [Tj, every completely contrac¬ 
tive representation of T+{E,Z) can be dilated to a C*-representation 
of T{E, Z). In general, it does not seem that one can say a lot about 
the structure of the dilation. However, under our hypotheses there are 
dilations that are also coextensions. We show also that without assum¬ 
ing Hypotheses A, B, and C, it is possible to build a coextension for 
any completely contractive representation of T+{E,Z) via an explicit 
construction. We show that under Hypotheses A, B, and C, the in¬ 
duced part of the explicit coextension agrees with the induced part of 
the coextension that arises in our dilation process. 

In the setting of unweighted tensor and Toeplitz algebras, our Wold 
decomposition theorem asserts that every C'*-representation of the Toe- 
plitz algebra of a C'*-correspondence decomposes into the direct sum 
of an induced representation of the algebra and a fully coisometric 
representation in the sense of [3 Dehnition 5.3]. The formally same 
result is valid in the weighted setting provided the notion of “fully 
coisometric” is modihed according to 

Definition 6.1. Let a normal W*-representation of M on a Hilbert 
space H. An element D G D{X,a) is called fully coisometric in case 

=Ih. 

k>l 

In this case, we shall also call cr x d a fully coisometric representation. 

Our generalization of Theorem 2.9 of [8] is the following theorem, 
which generalizes also Theorem 3.8 of Popescu’s Memoir |22) . 

Theorem 6.2. Suppose Hypotheses A, B, and C are satisfied and sup¬ 
pose 71 is a C*-representation ofT{E,Z) on a Hilbert space H. Then 
71 decomposes as tt = Tiind © 7^full acting on H = Hind © Hfuu, where 
T^ind is (unitarily equivalent to) an induced representation and TTfuii is 
fully coisometric. 
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We will break the proof into a series of lemmas that put into evidence 
the rolls of the hypotheses used. The initial focus will be to show 
that the hypotheses guarantee that the (unweighted) Toeplitz algebra 
T{E) is contained in T{E,Z). That uses Hypotheses A and B only. 
Hypothesis C is used near the end of the proof of Theorem l6.2l to secure 
the convergence of the series that shows that Tifuu is fully coisometric. 

Lemma 6.3. For k,m and ^,r] G ^ restriction ofW^W* 
to the m + k-summand of the Fock space E{E) is given by the formula 

= ® ® V*) (8) Ik)ilm «) 

where p* is the operator in K,{E®'^) defined by ^ Z) i/*(C) = C) 
for C G i?®™. 

Proof. This immediate from fl3.2p . □ 

In the following lemma, we shall write A, when A G C{E®^), for 
the operator diag[A(i)] in C{E{E)) that is diagonal with respect to 
the direct sum decomposition of E{E) as where A{i) = 0, 

0 < i < k, and A{i) = H < 8 ) i > k. This notation is simply an 

extension of equation (15.11) . 

Lemma 6.4. If Hypothesis A is satisfied, then 

G r{E, Z) 

for all m > 1. If, in addition, Hypothesis C is satisfied, then the 
series converges in norm to I — Pq, where Pq is the 

projection of the Fock correspondence onto the zero^^ summand. 

Proof. Lemma [63] implies that G T{E,Z) for every D G 

1C{E®^). Hypothesis A, then implies that X^ G X{E®^) for every m, 
so G T{E,Z) for every m > 1. To prove the second 

assertion, note hrst that the series XkW^^'^* converges to 

I — Pq ultraweakly by Lemma 15.21 So all we need to show is that 
the series converges in norm. If a is a positive 

number satisfying Hypothesis C, then the last paragraph of the proof 
of Theorem 14.51 shows that \\Zk\\ < 1/y/a for all k. Consequently, 
< ^||Xfc||. Since (lim||Xfc|< a, by Hypothesis C, 

hm||iy*^^^XfcIT(*^^*|| ^ < 1. Consequently, the series 

converges in T{E, Z), by the root test. □ 
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We shall write Dk, k > 1, for the diagonal operator on J^{E) dehned 
by 

Dk := diag[0, 0 ,..., 0, O Z)-\ Z('^+2)(Ik 0 ...] 

(with k zeros). So that, for ^ G we may write 

= DkTi:. 

We shall also write 

D(-^) = (0,0,..., 0, (^("=+^(4 0 Z)-^)-\ (z('=+2)(4 0 _ _ _) 

(again, k zeros). Consequently, 

OO 

DkD^-’^^ = D^-’^^Dk = Y,Pj, 

j=k 

where Pj is the projection of P{E) onto E^^, and for ^ G E®^, 

4 = 

Proposition 6.5. If Hypotheses A and B are satisfied, then 

(1) T{E) C T{E, Z). In particular, for each j > 0, Pj G T{E, Z). 

(2) For every k > 1, Dk and lie in T{E, Z) fl ((poo(^))b 

Proof. Recall that where Di = diag[0, Zi, Z 2 ,...] and 

^ G E. Thus, for e E, DiT^T*Dl = W^W* G T{E,Z). Since 
we can write Ie as a hnite sum, Ie = J2k^k ® by Hypothesis A, 
=I-Po- Thus Dj = Di{I - Po)Dl G r{E, Z). The spec¬ 
trum of Df is contained in {0} U [e^,cxo) and, applying the function 
f{t) defined to be on [e^,cx 3 ) and /(O) = 0 (which is continuous 
on the spectrum of Df), we see that D^~^^ := diag[0, Zj"^, Zf ^,...] lies 
in T{E,Z). Multiplying DP^'> by DiT^, we hnd that G T{E,Z), 
completing the proof of the hrst assertion. For the second, observe 
that for fc > 1 , we may write Ie^^ = J2j^j ® Vj^ another hnite 
sum. Consequently, Dk = ^ 'T(^,^). 

Also, Eho'T = I - e T(E) C T{E,Z) and, so D<-*) = 

(Dk + Eld Pi)-' - Eld Pi e TiE, Z). □ 

We next want to focus on a general completely contractive repre¬ 
sentations of T+{E,Z), r X 0 , that arises as the restriction of a C*- 
representation tt of T{E, Z). We shall write the common Hilbert space 
of r X 0 and tt as K and we shall assume that Hypotheses A and B are 
in force so that we may invoke Proposition 16.51 and use its notation. 

Since Dk, D~^ and Pq, k>l, all he in T{E, Z), we may form := 
7r(Po); dk '■= vr(Pfc) and := n[D~^). It results that dkd^~^^ = 
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= I — 'T(X]j=o Pj) in particular, did^ = d^ = I — 
Pm- Since n{Lpoo{M)) = t{M) and Dk,D'^~^\Po e {ipooiM))', on K 
dk,S-^\PM E t{M)\ and is a subspace of K that reduces r. 
Further, for ^ E E, 7 r(hF^) = (r x o)(fF’^) = and 7 r(T^) = 
= d^-^hL^. Note that e E^*. Since T{E) C 

T{E, Z), we may restrict n to T{E) and T+{E), getting a C*-represen- 
tation of T{E) whose restriction to 7+(-E) is r x Consequently, 

is an isometry. 

It is immediate that if d G E, then niT^To) = d^~^'>X)L^d^~^"^x>LQ = 
It follows easily that for every rj E E®^ (where k > 1), 
7r(T,) = (d(-i)D)WL,. 

Also, for every A; > 1, 77 G ^ E E, we have 

Tzkmrj)Po = W^T^Pq. 

So, applying vr, we find that 

and for every g E Ai, 

(6.1) (d^“^^o)^^^(Zfc(.C ^v) ^ 9 ) = '^('C ® 0 g)). 

Finally note that, for k > 1, 

(d(-i)t,)(fc) = 

because 

Lemma 6.6. With the notation established, we have 

(1) The spaces {diX))d^\E®^ -M. and (dit))^^^(F'®™'0^-Ad) are 

orthogonal for k ^ m. 

(2) If Kq is the subspace of K defined by 

® 

Ko := 0rAd), 

k=0 

and if V : E(E) 0 ^- Ad —)■ Kq is the operator that maps g Z) g 
to (dit ))*^^)(?7 0 S'), g E E®^, g E M, then V is Hilbert space 
isomorphism and, for ^ E E, 

C(IF^ 0 Im) = 7r{W^)V. 


( 6 . 2 ) 
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Proof. For k m and rjk G E'^’^,T]m, G we have PoTf^Tjj^Po = 0. 

Apply 71 to get = 0, which proves 1 . 

Since, as was mentioned above, diD is a isometry (and thus so is 
for every /c > 1), 1/ is a Hilbert space isomorphism. To prove Equation 
fl6.2p it suffices to apply both sides io r] ® g G ® M.. But this is 
just Equation fib.ip . □ 

Proof, (of Theorem Ih.iH) We continue to use the notation just estab¬ 
lished and recall that 7r(Po) = Pm and 7 r(Tg) = diX)L^ for E E. Since 
Hypothesis A allows us to write /g as a finite sum, Ie = X] 0 ® 
find that JfT^jPoT^. = Pi- Apply vr to conclude that 

J2dit^h,PMLlid,t>y = 7r{p,). 

Thus 7 r(Pi) is the projection onto di\j{E<S)T-M.)- Similarly, 7i{Pk) is the 
projection onto 0 ,- AT). Write Qn = Then we 

see that {vr(Q„)} is a decreasing sequence of projections that converges 
in the strong operator topology to the projection onto Kjf where Kq = 

0T AT) P P, by Lemma EB 

Since, for every (, E E and n > 0, W^Qn = QnW^Qn, we see that 
7 r(lF^) leaves each 7i{Qn)K invariant and so, 7 r(lT^) leaves invariant. 
On the other hand, equation 16.21 shows that Kq is invariant for each 
7 r(lF^). Thus Kq reduces vr and by Lemma [ 6 lB the restriction of tt to Kq 
is unitarily equivalent to an induced representation. Therefore, we shall 
rename Kq as Kind, write Tiind '■= T^lKind, and in anticipation of what 
we shall show next, we shall write Kfuii '■= Kq and TTfuu '■= 7i\Kfuii- 
To see that Tifuii is in fact fully coisometric in the sense of Definition 
EH note that nfuuiPo) = 0 by construction. Note also that by Lemma 
16.41 the series YlT=o converges in norm to / — Pq. Hence 

= 7ifuii{I) = iKf^ir It suffices, therefore, to 

prove that 

where Do is the restriction of 0 to Kfuii- To this end, observe first 
that 71 full = To 0 Oo, where tq is the restriction of r to Kfuu and ob¬ 
serve that since Xk is invertible. Hypothesis A implies that we may 
write Xk as a finite sum Xk = ® C; where G E®^. Conse¬ 

quently, WP^XkW^^> = 

Lg. : P{E) E®^ 0 P{E) is the insertion operator determined by 
Therefore, 
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Since Tifuii = tq 0 Oq, where L^. : Kfuii -)■ ® 

Kfuii is the insertion operator as in Remark 13.61 Finally, then, 

= Y.7r,„u{Wt>,uu(K’y 
= E •’(.'■’uTpr* = i>o‘’(E & ® )»r* 

= 0 Ik,,J o®, 

as was to be proved. □ 

The following theorem generalizes Theorem 3.12 of |22) . 

Theorem 6.7. Suppose that Hypotheses A, B, and C are satisfied. 
Suppose also that a is a normal representation of M on a Hilbert space 
H and that i G D{X, a). Then a x 3 admits a C*-dilation that is also 
a coextension. 

Proof. Consider the map from Proposition I5.1UI It is a unital 
completely positive map on the operator system span{TS* \ T, S E 
T+{E,Z)} with values in B{H„) that restricts to the completely con¬ 
tractive representation a x 3 on T+{E,Z). We may apply Arveson’s 
extension of the Hahn-Banach theorem [H Theorem 1.2.3] to extend 
to a completely positive map from T{E,Z) to B{H^) (we keep 
the same symbol for the extension) and then employ Stinespring’s the¬ 
orem to dilate to a C'*-representation vr of T{E,Z) on a Hilbert 
space K that contains H. Thus we may write = PH'n'{X)PH 

for all X G T{E,Z). We show that vr is a coextension. To this end, 
write Ik = I = Ph + Eh observe that 

= PH7r{W^W;)PH = PH7r{W^){PH + P^)7r{WrjyPH 
= PH7y{WyPH7r{W,rPH + PH7y{WyPy7l{W,yPH. 
By Proposition 15.101 

^ x ^{wJa x 

On the other hand, since tt dilates PHTy{Wy)PHTy{Wy)*PH = cr x 
3 (lF^)crX 3 (lW;)* also. Thus we conclude that PH- 7 r(IT'|)P^ 7 r(IW,)*PH = 
0 for all ^ and r]. Taking ^ = p, then shows that PHT^iW^Pfi = 0 for 
all f. So TT is a coextension as required. □ 

Remark 6 . 8 . We want to emphasize that we are not claiming in Theo¬ 
rem [621 that all C'*-dilations of a representation < 7 x 3 are coextensions. 
Rather, we showed that C'*-dilations that are coextensions exist by 
constructing them from maps of the form T^ j dehned in Proposition 
15.101 Although we know of no particular examples, there may well be 
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dilations that do not come from snch maps. We want to emphasize, 
too, that the existence of maps of the form ^z,i reflects featnres of 
T+{E, Z) that may not be shared by other operator algebras. 

We tnrn now to another, somewhat more constrnctive approach to 
prodncing a coextension of a representation < 7 x 3 . Onr argnments are 
inspired in part by those of Viselter in [291 Theorem 2.22]).To present it, 
we reqnire additional notation. Snppose a is a normal representation of 
M on H and that 3 G D{X, a). Then to bnild the indnced representa¬ 
tion that goes with 3 , we write A*( 3 ) for 

as in Dehnition l5.3l We also write P* for the snbspace A*( 3 )if and note 
that it rednces a{M). Farther, we write Kx>, for E{E) <Za where 
we abnse notation slightly by writing a nnder the tensor sign instead 
of its restriction to a\E^. Likewise, we shall write for the 

representation of C{E{E)) on K-jy, that is indnced by the restriction 
of a to P*. Finally, we write IDd, for W 0 I-d,, which is an element of 
o (poo). To bnild the fnlly coisometric representation that 
goes with 3 , let be the completely positive map on ct(M)' dehned in 
Dehnition 15.31 and let be the limit of as in Lemma [5.41 

To simplify the notation, we write Q for Q^. Then Q G a{My and we 
let U be the closnre of the range of Q 2 . So U rednces a. 

Theorem 6.9. Suppose that a is a normal representation of M on H 
and that 3 G D{X,a). Then there is a Hilbert space lA with a nor¬ 
mal representation r of M onU and a fully coisometric element 0 G 
V{X,t) such that ©r) x (ttix>*©o) acting on E{E)0„'D^,®U 

is a coextension of a x i. If Q = 0, then lA = {0}. 

We do not claim that 0 I-jy, © r) x (toxi, © 0 ) extends to a 

C*-representation of T{E,Z) acting on E{E) ©o- 0lA, bnt it is a 
coextension of a x 3 in the sense described at the beginning of this 
section. 

Proof. Recall that Q is the strong operator limit of {<F™(/)} and so it 

lies in Let lA be the snbspace set r := a\lA and let 

Y : H ^ lA he dehned hyYh = Q^l‘^h. If we dehne A : —)■ E0lA 

by XYh = [Ie 0 Y)^*h, then for every h E H, we have 

\\{Ie 0 Y)fh\\^ = (3(/ ® QY*h, h) < 11 Af'I I (3 (Ai © Q)fh, h) 

< \\Xfy\{^yQ)h,h) = ||Ar^||(Qh,h) = WXfYWYhW^ 

where we nse the fact that *hj(Q) = Q. Thns A is a well dehned 
bonnded linear operator and, therefore, may be extended to all of lA, 
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mapping to E U- Further, for a ^ M and h E H, 

A{T{a)Yh) = A{Ya{a)h) = (/ ® Y)^*{a{a)) 

= (/ ® F)(v?(a) ® lH)fh = (v9(a) 0 I)A{Yh). 

Consequently, if we set 0 := A*, we see that 0 G E'^. It follows from 
the definition that Y*X) = ]){Ie ® Y*). We now claim that, for every 
A: > 1, 0 Y*). Since 0 = 

3 (/E 0 F*)(/ij 0 o('^)) = 3 (/E 03 ('^n 40 l"*)) = 3 ^"+'^( 4 +i 0 h"*)for every 
k for which the formula holds, induction proves that the formula is valid 
for all k. Consequently, Y*{J2k^^'‘K^k 0 0 

= Q- It follows that for every Ui,U2 E U, with Ui = 
Qi/2/^. = Yhi, hi E if, C)= (iii,'W 2 ), 

which proves that D is fully coisometric. 

Define V : H ^ Kv^®U by Vh = Kz{l)h®Yh. Since Kz{}yKz{l) + 
Q = iiT, D is an isometry. We use V to identify ff with a subspace of 
Kd, ®U. Recall from Lemma 15.51 and Definition 15.61 that, for ^ E E, 
Kz{l)L*^},* = {W^ 0 Ix>yKz{2i)- Thus, for every ^ E E and h E H, 

(6.3) Lively Kz{l)h = 0 Iv,)Kz{l)h 

= Kz{DLlfh = miE 0 Kz{l))l*h. 

It follows that, for h E H, 

(6.4) rv*j,Kz{i)h = {Ie 0 Kz{i))i*h. 

We also have 

(6.5) = {Ie 0 R)3* 
and we conclude that, 

(6.6) I/3* = (tu^^©o*)(/s0R). 

□ 

Suppose a X 3 is a completely contractive representation of 7+(f^, Z) 
on a Hilbert space if. In Theorem 16.91 we showed how to construct 
an explicit coextension of a x 3 , while in Theorem 16.71 under special 
hypotheses, we showed how to construct a coextension that also extend- 
eds to a C*-representation of T(f^, Z). A priori, these two coextensions 
have nothing to do with one another. However, as we now show, the 
induced pieces turn out to be unitarily equivalent. For this purpose we 
begin with 

Lemma 6.10. Write Pq for the projection onto the zero^^ summand of 
E{E). Then: 
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(1) If m > k and rj G , while ^ G , then there is 6 E 

W;W^Po = WePo. 

(2) Assume that Hypotheses A, B, and C are satisfied and let X be 
the ideal in T{E, Z) generated by Pq. Then 

(a) 

X = wHi{w^PoW; ■. i,ee u„>o^®n- 

(b) If K and Kq are the Hilbert spaces of Theorem \6.2\ then 

Ko = span{7r{b)k : b E X, k E K}. 

Proof. A straightforward computation shows that, for every a E M = 
Po{E{E)), W*W^a = W^a where 9 = This proves part 

( 1 ). 

Now write C for the subspace on the right hand side of (2a). To 
prove (2a) it suffices to show that C is an ideal in 'T{E, Z). Since it is 
a closed subspace and since T{E, Z) is generated by {W^^, W*, (poo(a) : 
a G M, T] E it suffices to show that C is closed under left and 

right multiplication by the generators of T{E, Z). It will be enough to 
consider left multiplication. But C is clearly closed under left multipli¬ 
cation by (poo(a), a E M and by IT),, rj E U„>o£^®”. The fact that it is 
closed under multiplication by W* for rj E VJnyoE®'^ follows from part 
( 1 ). 

Since T{E) C T{E,Z), it follows from the proof of Theorem 16.21 
that Pk E X for all fc > 0. Thus the space on the right hand side of 
( 2 b) contains 7r{Pk)K for all k > 0. Since Kq is generated by these 
ranges, we have Kq C span{7i{b)k ; b E X, k E K}. Since Kq = 
® AT), to show the reverse inclusion, it suffices to 
show that, for 9 E E®^ and ^ G E®^, the range of niW^PQWf) is 
contained in Kq (using part (2a)). So we need to show that \yX)(^E®^ ® 
M) C Kq. But oXT) CKq = 0 XT) C Kq = 

0 AT) C dkKQ. Since 4 G 7t{T{E, Z)) and Kq is 
7 r(T(i?, X))-reducing, we are done. □ 

In preparation for the next proposition, fix a completely contractive 
representation a x 3 of T+{E, Z) acting on the Hilbert space H. In the 
preparations for Theorem 16.91 we formed the subspace X* and noted 
that it reduces a. Consequently, we may and shall view X* as a module 
over M, via a. On the other hand, for Theorem 16.71 we formed the 
completely positive map z,i on the operator system that we denoted 
G. We then took an Arveson-Hahn-Banach extension of z,i to all of 
T(X, Z). We shall continue to denote the chosen extension by T z,i- We 
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referred to the Stinespring dilation vr of hut we did not provide 
notation for one of its constituent parts. Here we need this. So K will 
be the Hilbert space of vr as in Theorem 16.71 and V : H ^ K will 
denote the isometry that embeds if in it' so that = H*7r(-)V'. 

Of course, we are assuming the dilation is minimal. So K, V, and tt 
are uniquely determined up to unitary equivalence. Finally, we let Ai 
be the range of vr(Po), where, as before, Pq denotes the projection is 
the projection of P{E) onto its zero*^ summand. As we have shown in 
Proposition 16.51 Pq G T{E, Z). Of course, through M becomes 

a module over M, i.e., tt o is reduced by Ai. 

Proposition 6.11. With the notation just established, we have: The 
M modules P* and M are isomorphic, i.e., there is a Hilbert space iso¬ 
morphism from M to P* that intertwines the restriction of tt o 
to M and the restriction of a{M) to P*. As a consequence, the repre¬ 
sentations of C{P{E)) these two modules induce are unitarily equiva¬ 
lent, as well. 

Proof. Since Kq = n{X)K, for every approximate identity {ma} of X 
and every /c G if, we have Ti{u\)k —)■ Px^k. For every h E H and 
a G T{E,Z), PKQn{a)Vh = \imx7i{ux)7i{a)Vh = \imx7i{uxa)Vh G 
7i{Z)H. Thus 7i{X)VH = PK,7i{r{E,Z))VH = Kq where the last 
equality follows from the minimality of the Stinespring dilation. Thus 
Ai = 'k{Pq)'k{X)V H. By Lemme (6.101 we now conclude that 

(6.7) Ai = spcm{TT{W^)TT{Po)TT{W0yVh | e, ^ G U„>oP®”, h E H} 

= sp(m{<PoW^Po)TT{We)*Vh \i,eE U„>oP®^ h E H} 

= 7T{Po)7r{T{E,Zy)VH. 


Note also that X* = = A^,{^)V*7i{T{E, Zy)VH . It follows 

from these expressions for Ai and X* that the proof will be complete 
once we show that the map from a dense set of Ai onto a dense subset 
of V, defined on generators by 

( 6 . 8 ) 7i{Po)7i{T*)Vh ^ Ay^)V*7i{T*)Vh, 

for T G T{E,Z) and h G if, is a well-defined, isometric, M-module 
map. For this purpose, we start with the claim that for every k > 1 
and every S G JC{E®y, we have 


V*7r{W’^SW^*)V = yp{s ® 
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It is enough to prove the claim for S = L^L* for some ^,176 But 
then 

V*7r{W^SW^*)V = V*tt{W^L^L*^W^*)V 

= V*7i{W’^L^)7r{W^L^yV = 0 

since vr is a coextension of cr x 3 . This proves the claim. Using 
Lemme lOl we have Pq = It{e) — Yllk=i W^XkW^*. Thus 7r(Po) = 

and 

CXD 

V*7i{Po)V = Ih-J 2 V*7r{W’^XkW’^*)V 

k=l 

00 

k=l 

We now compute in order to show that for every T, S' G T{E, Z), 

V*7r{T)7r{Po)7r{SyV = V*7r{T)VV*7r{Po)VV*7r{SyV 

= v*n{T)vxyifv*Ti{syv. 

This shows that (16.Sh does indeed dehne an isometric map from Xi onto 
P. It is left to show that this map is a module map but this follows be¬ 
cause, when c G M, 7i{ipoo{c))7i{Po)7i{T*)Vh = 7i{Po)7i{{TipoQ{c*)y)Vh 
and this gets mapped to 

A,(3)W7r((Tv9oo(c*))*)Uh 

= A,(3)W7r((poo(c))7r((T)*)Uh 
= Ay^)V*n{ipM)VV*7;{T*)Vh 

= A,( 3 )a(c) 7 r(T*)Uh = a(c)A,( 3 ) 7 r(T*)Uh. 

□ 

We conclude this section with a proposition that shows that Hy- 
pothises B and C of Theorem 16.71 are satished in many examples. In 
fact, we show that under a condition (which is satisfied in the case 
where E is the correspondence associated with an automorphism of 
M), whenever we fix a sequence {Xy\ that satishes Hypothesis C, we 
can hnd an associate sequence of weights that satishes Hypothesis B. 

Proposition 6.12. Suppose a weight sequence satisfies Hypothesis C, 
so that there is an a such that (hm||Xfc|< Xi. Suppose 
also that the Rk ’s satisfy the commutivity condition.- Rk commutes 
with Ie 0 Rk-i for every k > 2. Then there is a sequence {Zk} of 
weights associated with X that satisfies Hypothesis B. 






MATRICIAL FUNCTION THEORY AND WEIGHTED SHIFTS 


43 


In particular the commutivity condition is satisfied if ipk{My C 
C{E) (g) Ik-i , and it is satisfied when E = aM, for an automorphism 
a of M. 

Proof. Note, first, that it follows from the definition of Rk that 

k 

(6.9) Rl = ^X^® Rl_^ 

m=l 

ioT k > 1 (where Rq := I). Thus 

( 6 . 10 ) 

k 

Rlih 0 R^\) = Xi 0 Ik -1 + 5^(X^ 0 Ik-m){Im ® Rl-J{h ® Rk\)- 

m=2 

Now, set Ak := {Ie ® R\-i)Rk^ G ipk{MY and compute, for 1 < 

m < k, {Im-l 0 Rk-m)Rk-l ~ {^m-l ® Rk-m)i^m-2 ® Rk-m+l)i^^-‘^ ® 

Rk-m+l)i^rn-3^Rk-m+2)i^m-3®Rk-m+2) ' ' ' ^R®Rk-2)Rk-l ~ {^m-2® 
Ak-m+i){Im-3 ® Ak-m+2) ■ --Ak-i. Thus it follows from (l6.1Up that 

( 6 . 11 ) 

k 

Xi 0 Ik—l T ^ ^ 0 Ik—m)(^R 0 (/n ^—2 0 Ak—m+l') 

m=2 

^ ® Ak—m+ 2 ') ■ ■ ■ ^fc—l)' 

By Lemma we can choose Zk = R'^^{Ie ® Rk-i)- Since Rk and 
Ie Z) Rk-i are commuting positive operators by assumption, we find 
that Zk > 0, and Ak = {Ie ® Rk-i)Rk‘^ — If a > 0 is such that 
{m{\\Xk\\RyiE < alE < Xi, as in Hypothesis C, then the argument 
at the end of proof of Theorem 14 .5 1 shows that < l/aR for all A; > 1. 
Thus Ak < l/alk- It now follows from fl6.1ip that 

Zg = < (E IIV»II^)4. 

m=l 

But Hypothesis C implies that X)m=i I l^ml I converges to a positive 
number, say b. The choice e = l/\/b yields Zk > el for all k. □ 

Remark 6.13. 

(1) As mentioned after the statement of the Proposition, the com¬ 
mutivity condition is satisfied when E = qM. Correspondences 
of this form will be studied further in the final section of the 


paper. 
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(2) When M = C and E = C'^, the commutivity condition need 
not hold but if all the matrices are diagonal (as is in the 
case studied by Popescu in [22]), the commutivity condition is 
automatic and hence the conclusion of the Proposition holds in 
this case, too. 

7. Duality, the Commutant and Matricial Functions 

Our first objective in this section is to identify the commutants of 
induced representations of the Hardy algebra Z). We will then 

use the results obtained to develop properties of the matricial func¬ 
tions to which elements in H°°{E,Z) give rise. In a bit more detail 
about what we are facing, suppose that cr is a faithful normal repre¬ 
sentation of M on a Hilbert space Then the induced representa¬ 
tion of H°°{E,Z) determined by a, acts on the Hilbert space 

E{E)®aH^ and for E e H°°{E, Z), = F®/ . In [m Theorem 

3.9], we showed that in the “unweighted" case a^^^\H°°{E)) is nat¬ 
urally unitarily equivalent to acting on E{E^) H, 

where, recall, E'^ is the intertwining space 3{a,a^ o ip) and i is the 
identity representation of a{M)' on H. (In Section 3 of [IT], we show 
that E'^ is naturally a correspondence over a{My: If X, H G E'^, then 
{X, Y) := X*Y. Also, for a,b e a(M)', a ■ X ■ b := {Ie (Z a)Xb.) We 
shall show that a similar result holds in the weighted setting. The main 
difficulty is to choose an appropriate weight sequence to go along with 


E^. 


Recall the “Fourier coefficient operators” calculated with respect to 
the gauge automorphism group acting on C{E{E)) [TTl Paragraph 2.9]. 
That is, if Pn is the projection of E{E) onto F®"" and if 


OO 



n=0 


then is a one-parameter, 27r-periodic, unitary subgroup of 

F(F(F)) such that if {ytjtgR is dehned by the formula y* = Ad{Wt), 
then { 7 i}t 6 R is an ultraweakly continuous group of ^-automorphisms 
of £(F(F)), called the gauge automorphism group of F(F(F)). This 
group leaves each of the algebras 7+(F, Z) and H°°{E,Z) invariant 
and so do each of the Fourier coefficient operators dehned on 


F(F(F)) by the formula 




(7.1) «I>,(F) : 


1 


0 


'2tt 


7i(F)df, Fg£(F(F)), 
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where the integral converges in the ultraweak topology. In fact, if S*, 
is dehned by the formula 

(7.2) Ei(F):=5^(l-k)4j(F), 

\j\<k 

F G C{F{E)), then for F G C{F{E))^ limfc^ooSfc(F) = F, in the 
ultra-weak topology. For our purposes it will be convenient to write 
for the projection P^® Ih = cr^^^KPn) on H- Similarly 

one dehnes W^, yf, <I>J, and and we see immediately that both 
Z)®Ih and its commutant are left invariant by the maps 7^ and 
(for all t,j). Thus, given A G {E[°°{E, Z)®lHy, limfc_j.oo ^^(^1) = A 
in the ultra-weak topology. It follows that for A G {H°°{E, Z) ® Ih)\ 
A determines and is uniquely determined by its sequence of Fourier 
coefficients ^j{A). 

The natural Hilbert space isomorphism U mapping E{E^) ®^ H to 
E{E) ®fj H that we constructed in [TTl Theorem 3.9] is dehned on the 
summands of E{E^) ®^ H via the formula 

(7.3) Uki^rii®- ■ ■®r]k®h) = (4-i ®hi)(4-2 ® 172 )''' (4 ® hfc-i)hfc(/i) 

where Uk denotes the restriction of U to (F®")®^ <8) FT, Ij stands for the 
identity on F®-^, 71 ,..., lie in E^ and h E H [TTl Lemma 3.8]. We 
shall also write 4fc for the identity on (F®^)®". 

We shall need the following technical lemmas. We shall write Am 
for the algebra that we have previously written ipm{MY, and we shall 
write A'^ for the algebra where (pa-m denotes the homo¬ 

morphism from a{My to £((F'^)®”^) that gives the left action of a{My 
on (F^)®”^. 

Lemma 7.1. For every /c,m G N, Be C{E®Y A E F(F®^+™'), 

(7.4) 

Ek+m(A®lH)Uk+m(d^m®Uk(^^dH)Uk) = U^+^(A(B ®Im) ®lH)Uk+m. 
In particular, when A = Ik+m, 

(7.5) (4m ® 4*(F 0 lH)Uk) = 4fcV((F 0 Im) 0 lH)Uk+m- 

Proof. Fix 71,72, • • • ,Vk+m in E^. Then, for 6 E E^ and g E H, we 
have 

Uk+miVl ®---®r]m® Uk{0{g))) = Uk+mivi ® ■ ■ ■ ®r]m®0 ® 9 ) = 

(7fc+m —1 ® 7l) ' ' ' (4 ® 7m)^(7) (4 ® (7m—1 ® 7l) ' ' 'hm)(^(7))' 

Thus for f eE®'^® H, 

Uk+mij]^ 0 ■ ■ ■ 0 7m ® Uk f') (7fc ® (7m—1 ® 7l) ' ' ' VmY f- 
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When h e H and f = {B ® lH)Uk{rjm+i ® ■ ■ ■® rjm+k ® h), we get 

Uk+m ® ' ' ' ® ® ^ki.^ ® ')Uk ® ' ' ' ® 'Tjm+k ® h) 

= {B® {{Im-l ®r]l)--- Vm))Ukir]m+l ®---® Tjm+k ® h) 

= {B® Im){h ® {{Im-l ® Vl) ■ ■■Vm)) 

^ {Ik—1 ® Tjm+l) ' ' ' {II ® Tjm+k—l)Tjm+k{H) 

= {B®Im® lH)Uk+m{Tll ® rj2 ® ' ' ' ® Tjm+k ® h). 

Therefore 

Uk+m{I<Tm ®U^{B® InWk) = {B ® Im® InWk+m- 

Applying f/fcV(A ® Ih) to both sides completes the proof. □ 

Lemma 7.2. If A E Ak and B G Am, then there are operators D G A'l^ 
and E G A!m such that Uf{A ® lH)Uk = D ® Ih and Um{B ® InWm = 
E ® Im- Further, 

D®E®Ih = Uf^^{B ®A® lH)Uk+m- 

Proof. For the hrst assertion, it suffices to show the existence of D G A'j. 
so that Uf{A®lH)Uk = D®Ih- To this end, we need hrst to check that 
Ul{A®lH)Uk commutes with I„k®o'{a) for all a G M, by jMl Theorem 
6.23]. However, note that Uk{Icrk ® a'{a))Uf = (pk{a) ® Ih, from which 
iollows {A® IH)Um{Icrk®(T{a)) = {I„k® (T{a))Uf{A® lH)Uk- Thus, 
there is a D G C{{E'^)®^) such that D®Ih = Uf{A®lH)Uk- Note also 
that, for b G ct(M)', we have Uk{(Pak{b)®lH)Uk — Ik®b- Consequently, 
Uk{l>ak{b)®lH)U^{A®lH) = {A®lH)Uk{(Pak{b)®lH)U^ and it follows 
that D G (p„k{a'{Myy , proving the hrst assertion. 

To prove the second, observe that by properties of tensor products, 
it suffices to prove it separately in two cases: for the case A = Ik and 
D = Icrk, and for the case B = Im and E = I„m- But the hrst case is 
Equation 17.51 and, thus, it suffices to prove 

(7.6) Uk+m{D ® ^am ® Ih) — {Im ® A 0 lH)Uk+m- 

So hx hrst arbitrary ^ G E®’”, rjk G and h E H and compute 

{Im ® {Drjk)){^ ®h) =^® {Drjk){h) = ^® Uk{Drjk ® h) 

= e 0 Uk{D 0 lH)Ulrjk{h) = {Im®A® Ih){^ 0 Vk{h)) 

= {Im®A® lH){Im 0 Tjk){^ 0 k). 

It follows that, on E®^ 0 H, 

(7.7) {Im 0 {Drjk)) = {Im®A® lH){Im ® Vk) ■ 
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Now let rfm G and h & H he arbitrary and apply Equation 17.71 

to r]m{h) to get 

(^Im ® 

= InWm ® Vk)'nm{h) 

= lH)Uk+m{Vk ® Vm ® h). 

Since the left hand side is eqnal Uk+m{Dr]k ® r]m® h) = Uk+m{D ® 
lam ® lH){Vk ®'r]m®h), we are done. □ 

The proof of the following lemma is straightforward and is omitted. 

Lemma 7.3. (1) For 9 : H ^ ® H and A G 

{Ik ®e){A® Ih) = {A®I^® lH){h ® 0). 

(2) For 9 G E^, viewed as a map from H to E®H, for r] G {E^)®^ 
and for h E H, 

U*{I ® 9)U{ri ® h) = 9 ® rj ® h. 

In order to motivate the choice of the weights on the Fock space of 
E"^, consider an element Y G {H°°{E,Z)y with Y = $i(F). (Recall 
that $1 is the first Fonrier coefficient operator.) Since Y commntes 
with ipoo{M), its restriction to H (the zero’th snmmand in IF{E) ® H) 
is an element, 9, in E^. So Yh = 9{h) for every h E H. Now consider 
its restriction to E®H. Since it commntes with each we have, for 
all hEH, YW^h = W^9{h). 

Using the definition of the weighted shift lU^, we see that 
Y{Z^®lH){i®h) = {Z2®lH){i®0{h)) = {Z2®lH){h®0){i®h). 
It follows that 

Y = {Z2® lH){Zf^ ®h® IhWi ® 0) 

and 

u;yUi = u;{Z2 ® Ih){Zi ®Ii® iH)~"U2u;{h ® 9)Ui. 

Thns, for 7] ® h E E"^ ® H , 

U;YUi{ 7] ®h) = {C 2 ®Ih){ 0®V® h) 

where C 2 = U^{Z 2 ® Ih){Zi® h® Ih)~^U 2 E C{{E^)®^). Thns U^YUi 
behaves like a restriction of weighted shift on E{E^) ® H. We shall see 
that, in fact, U*YU is a weighted shift there. The compntation above 
snggests what the second weight wonld be and how to find the other 
weights. 
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Lemma 7.4. Set Z[ := Zi and Z'^ := Z^'^\Z^'^ ® h) ^ form > 1. 

Also, set Cm ® Ih ■= Um{Z'^ 0 lH)Um foT all m > 1. Then 

(1) {Z'^} is a uniformly bounded sequence, with Z'^ G Am for all 
m. 

(2) {Cm} is a well defined, uniformly bounded sequence, with Cm G 
Am for all m. 

Proof. Since Zm G Am for all m, it is clear that G Am for all m. 
To show that {Z}„} is uniformly bounded, observe that 

\\{Z'J*Z'J\ = 

= 11 (z(—b* <g, 1) 0 /i)-i 11 

From the dehnition of Rm and the fact that ,, < Xi, it follows that 

iXi bi - ’ 


l^r 


0 h) < {Rm-l ® ® Xi){Rm-l 0 h) 


= 0 Il){Im-l Z)Xi)<Rl 


The inequality in this formula is justihed by the argument for equation 
(14.7p . The point is that because of the sums involved in the dehnition 
of Rf in (14.dp it is clear that 




l-i 


Xi — Rkj k > 1, 


i=l 


also. Thus since the terms in this sum are all non-negative, we see that 


{Rl_^ 0 h){h-i 0 Xi) = Rl_^ ®Xi<Rl 


We thus have 


5-1 


—1| 


which shows that {2'^} is uniformly bounded. The fact that Cm is 
well dehned and lies in A'm follows from Lemma W72\ and, of course, the 
uniform boundedness {Cm} follows from that of 

The following lemma will be used later. 

Lemma 7.5. For every k>l, 

0 Ji) = Zk+i{h 0 Z{). 
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Proof. For fc = 1, 


Z'(Zi ® Ji) = (Z Ii)~\Zi ® Ji) = 

= 2^2 (A <8) -Z^i) = -2^2 (A <8) 


While for /c > 1, 

® h) = 0 0 h) 

= Z) 0 h)-\Zk 0 /i)-'(Zfc 0 Ji) 

= 0 0 Ji)-1 = Zfc+i(/i 0 0 0 /i)-i 

= Zfc+i(Ji 0 0 /i)-i)) = 0fc+i(Ji 0 Zi). 


□ 


The sequence C = {Cm} is the sequence of weights we want, and we 
would like to show that C)) is unitarily equivalent to the 

commutant of (E, Z)) via U, but we first want to show that 

there is an admissible sequence X' = {X{}, with X{ G such that 
C* is a sequence of weights associated with X'. For this purpose, note 
that Z'^ = 0M(0("^-i) 0 Ji)-i = 0M(0(»«-i) 0 /i)-F So one finds 
easily that for 1 < n < m, 

(7.8) Z,'„(Z;_, 0 /,). ■ ■ (Z,'„_„ 0 /„) = ® 

and when n = m — 1, 

(7.9) z;(z;_, 0 A). .. (z; 0 = z'-”i. 

Now note that for every m > k we have 

{la-k Z Cra-k) Z Ir = hk Z Um_^{Z'^_j^ 0 lH)Um-k 

= U*m{Z'^-k Z Ik Z lH)Um 

(see Equation 17.5p . Thus 

(7.10) {Cm Z lH){Ial Z Cm-l Z Ir) ' ' ' {Ia(n) Z Cm-n Z Ir) 

= Uf,{Z'^ 0 lR)UmU*m{Z'm-l ZhZ lR)Um ' ' ' 0^0 InWm 

= (Z In+l)-^) Z IR)Um. 

In particular, 

ZIr = (Cm 0 lR)(Ial Z Cm-l Z Ir) ' ' ' {Ia{m-1) Z Ci) 

= U*^{Z'^ 0 lR)UmU*m{Z'm-l ZhZ lR)Um ' ' ' U*^{Z[ 0 Im-1 0 lR)Um 

= U*m{Z^^'^ZlR)Um, 


where, in the last equality, we used Equation 17.91 
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It follows that 

(7.11) ^ 

Theorem 7.6. For each k > 1, there is a (uniquely determined) oper¬ 
ator G A'j. such that 

X'^®lH = Ul{Xu®lH)Uk. 

The sequence X' = {X^} is an admissible sequence in the sense of 
Definition \4.1\ (with replacing E) and {Cm\ is a sequence of weights 
associated with X' as in Definition \4.6\ 

Proof. For positive integers ii,i 2 ,... ,ii that sum to fc, we may use 
Lemma 17.21 repeatedly to find that 

® X^ ® ® X( ®Ih = 

Ul{Xi^ ®---®Xi^®Xi^® lH)Uk. 

Note, however, that conjugation by Uk reverses the order of the factors 
in the tensor product. While this is an important feature of our theory, 
once we sum over all choices of indices {ij} that sum to k, as we do in 
Equation 14.41 to get R'f,, the reversal will have no effect. Thus 

R'k® Ih = Ul{Rk ® InWk, 

(/?')-' ®Ih = U;{{Rk)-^ ® lH)Uk, 

and 

(/?')-2 ®Ih = U;{{Rk)-^ ® InWk = ® Ih. 


This shows that {Cm\ is a sequence of weights associated with X'. The 
only thing that is left to establish is the finiteness of lim\\X'f)\)-/^. But 
this is immediate since U^XkUk = X(, and lim\\Xk\\^^’^ < oo. □ 

Our goal now is to prove that the commutant of {H°°(E, Z)) 
is Ul^^^^\H°°{E%C))U\ 

We first fix some notation. We write W( for the weighted shift asso¬ 
ciated with Tj G E°^ that acts on E{E'^). Thus 

w(^{ek) = Ck+,{v®ek) 

for 6k G (77°')'^^ and E[°°{E‘^, C) is the ultraweakly closed algebra gen¬ 
erated by {W( : T] G E"^} U (pcroo(o'(dT)'). 

As we did in Equation 13.21 we can define, for rj G the 

operator W( by 

(7.12) 


0 0 C) 
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for C e We then have e C). 

Now let Y G B{E{E)®H) be in the commutant of {E, Z)) 

and assume that V = ^j(Y) for some j > 1. Consider the restriction 
of y to E (the zeroth term in E{E) ® H). Then Y maps H into 
E^^ since Y = and it belongs to [E®^Y (since Y commutes 

with (poo{M)). Write Y\H = g E For every A; > 0 and every 

^1, ^2, • • •, Cfc in and h E H, we have 

(7.13) FU'j, ... ... Wf^Yh = H'i.... 

The left-hand-side of this equation is equal to Y 

ik ® h) while the right-hand-side is {Z^^^^\lk ® Z^^'>) ^ ® lH){Ik ® 
g)Yi ® ■ ■ ■ ® ^k ® h). Thus the restriction of Y to ® H is 

{Z^’^+^\lk ® Z^^Y^ ® InYh ® g){Z^’'^ ® Ih)~^\E^'' ® H 

= {Z^'^^^\lk ® ZY~^ ® ® Ij ® lH)~\h ®g)\E®^®H 

= (g )® Ij ® lH)~\lk ® Z^^^ ®Ih)~^(I k ® g)\E^’' ® H. 

By Lemma 17^ there is a Dj G A'^ such that Dj®lH = U*{Z^^^®lH)Uj 
and so we have Dj®I„k®lH = Ulj^Ylk®Z^^'>®lH)Uk+j- Consequently, 
we find that for gk G and h E H, 

U^yUkiVk ® h) 

= UYY^^'^®iH){z^^^®ij®iHYUkYDj®hk®iH){g®gk®h). 
Now write 9 j for Djg to get 

UYYUk{gk®h) = 

Since 

< 8 ) Ih){Z^^^ ® Ij ® InYUk+j 

Ck-i-jYa ® Ck-\-j — l) ■ ■ ■ ( 7 ( t(j — 1 ) ® ® Ihi 

by Equation 17.101 we find that 

(7.14) U*YU = Wl). ®lHe Y^^‘’\H°°{EY C)). 

This was done for Y = ^j{Y) E {H^{E, Z) ® Ih)' when j > 1. For 
Y = $o(E) G a^^^\H°°{E, Z))', Y commutes with lPooY)®Ih- Thus 
y|F7 = b for some b E a^M)' and it follows that U*YU = (pcroo{b) ®Ih- 
To see this, we fix ^ G F"®^ and h E H and compute 

(7.15) yY’^Y ®h) = YW^h = W^Yh = Z^^Y ® bh 

= {Ik®b)Y^\®h). 
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Since is invertible, Y = Ir{E) ® b. Thus YUk{Tjk ® h) = (J^ ® 
b)r]k{h) = {(Paoo{b)rik){h) = Uk{(Paoc,{b)^lH){Vk^h) and, thus, U*YU = 
^aoo{b) ® Ih ^ ^ C) ® Ih- 

These observations prove part of the following theorem. 

Theorem 7.7. The commutant of the algebra Z)) is 

Proof. The discussion preliminary to the statement of the theorem 
shows that {a^^^^{H°°{E,Z))y C H°°{E^,C)))U*. We shall 

focus on the reverse inclusion. For X = (faoo{b), with b G 
it follows from m Lemma 3.8] that U{X 0^ Ih)U* = Ir(E) ® b ^ 
Z)))'. It is left to analyze U for 9 G E^. 
Using Lemma 3.8 of m again, we see that Uk+i(TQ ®W = 4®«. 
Thus, for k > 0 , 

Uk+i{w’ 0 Ih)u*^ = Uk+i{Ck+i 0 iH)u;^,Uk+i{Te 0 Ih)u; 

= (z'+i0/h)(4 0 0). 

For a e M, 

(Z'+i0Jj^)(40 0)((pfc(a)0Jj/) = (Z'+i0/j^)((pfc+i(a)0Jj/)(4®0) 

= {Tk+i{a) ® Ih){ZI_^_i 0 lH){Ik ® 6 ^). 

Thus U(Wg 0 Ih)U* commutes with (poo{a) 0 Ih- It remains to show 
that it also commutes with 0 Ih-, for f, E E. So fix 

^ ^ 0, ^ E E and 6 E E^ and compute using Lemma [7.51 

(Z'+i 0 Ih) (Ik Z) 9) (lU^ 0 Ih) = (Z'^^ 0 Ih) (4 ® 0) {Zk 01^) (4 0 Ih) 
= (Z'+i 0 lH){Zk 0 4® /h)(4 ® 0)(4 ® ^h) 

= (Z^i 0 lH){Zk 0 4® /h)(4 ® ^h)(4 ® 9) 

= (Zfc+i 0 Ih){Ii 0 Z' 0 /h)(4 0 lH){Ik ® 9) 

= (Zfc+i 0 Jh)( 4 0 /iy)(Z' 0 lH)iIk ® 0) 

= {W^®lH){Zl®lH){IkZ9). 

Consequently, U{Wg 0 Ih)U* commutes with ZIh and the proof 
is complete. □ 

In [15], we associated to every element of H°°{E) its Berezin trans¬ 
form and showed that it is a matricial function (in a sense that will 
be made precise below). We also proved a converse of this result. Our 
goal now is to extend this study to the current, weighted, setting and 
we start with the following definition. 
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Definition 7.8. Let NRep{M) denote the collection of all normal 
representations of M on a separable Hilbert space. A family of sets 
{U{a)}^eNRepiM), with U{a) C a((T® o ip,a), satisfying U{a) ©W(r) C 
7/((T © r) is called a matricial family of sets. 

We shall be interested here mainly with the following matricial fam¬ 
ilies. 

Examples 7.1. ( 1 ) For a given admissible sequence X, the fami¬ 

lies {D(X,a)}^gArRep(M) and {D{X, a)}^^NRep{M) are matricial 
families. 

(2) For a G NRep{M), write AC (a) for the set of all 3 G D{X, a) 
such that the representation <7x3 extends to an ultraweakly con¬ 
tinuous representation of F[^{E,Z). Then {AC{a)}a-eNRep{M) 
is a matricial family. 

The Berezin transform, F = {Eo-}o-gArRep(M), of an element F G 
Z) is defined by 

FAi) = G X j)(F) 

where 3 runs over AC(a). Of course, when E G T{E,Z), then E„{:^) 
makes sense for all 3 G D{X, a). What one can say about AC (a) and its 
structure (beyond simply being a subset of D{X, a)) is a real mystery 
that deserves more study. 

A Berezin transform, E = {E„}„^]sfRep{M), clearly satisfies the equa¬ 
tion 

( 7 . 16 ) F^®^(3©tn) = F^(3)©F.,(tt)), d ® ro e Dx,a ® Dx,t- 

In fact, the Berezin transforms have an additional property. To describe 
it, note that if a and r are representations of M, then an operator 
C : Her —)■ Hr is said to intertwine a and r if Ca(a) = T{a)C for all 
a G M, in which case we write C G X((T, r). Similarly, if C intertwines 
the representations <7x3 and r x tn of H°°{E, Z), then we will write 
C G X((T X 3 , r X in). 

Definition 7.9. Suppose {ld{a)}r^,=xRep{M) is a matricial family of sets 
and suppose that for each a G NRep{M), /o- ; U{a) —)■ B{HA) is a 
function. We say that / := {fa}a£NRep{M) is a matricial family of 
functions in case 

( 7 . 17 ) CfM) = frMC 

for every 3 G U{a), every ro eU{t) and every C G X{a, r) such that 

( 7 . 18 ) Ci = w{lE(ZC). 
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When the family is {AC{a)}„(,]siRep{M) and / = {fa}a&NRep{M) is a 
Berezin transform, then it is easy to see that the assumptions on an 
operator C : —)■ that C G X(cr, r) and satisfies equation flT.lSp 

express the fact that C lies in X(cr x 3 ,r x to). But then, equation 
(17.171) is immediate. It is simply a manifestation of the structure of the 
commutant of the representation ((T©r) x (3 ©to). In this setting also, 
the defining hypothesis for a matricial family can be written simply as 

(7.19) X(cT X 3 , r X to) C X(/^( 3 ), /^(m)), 

for all cr, r G NRep{M), 3 G AC (a), and to G AC{t). Consequently, we 
sometimes say that a matricial family respects intertwiners. Observe 
that if a family respects intertwiners, then it automatically satisfies 
equations like fl7.16p . 

One of the principal results of [T^ Theorem 4.4] is the converse: 
In the “unweighted case", every matricial family {fa}ueNRep{M) is the 
Berezin transform of some F G H°°{E). The two main ingredients 
that were used in the proof of this converse are the double commutant 
result of m Corollary 3.10] and the analysis of the representations 
in AC (a) obtained in [H]. In the weighted setting, we still have the 
double commutant theorem, thanks to Jennifer Good. We state her 
theorem as 

Theorem 7.10. [H Theorem 4.4] Suppose Z is a sequence of invert¬ 
ible weights associated with an admissible weight sequence. Suppose, 
also, that a is a normal representation of M on a Hilbert space. Then 

However, we do not have, yet, an analysis of .4,C(cr) that is as com¬ 
plete as the one in jl^. Consequently, the following result is somewhat 
weaker than a full converse. 

Theorem 7.11. If f = {fa}aeNRepiM) is a matricial family of func¬ 
tions, with /o- defined on AC (a) and mapping to then there is 

an F & H°°{E,Z) such that f and the Berezin transform of F agree 
on D{X, a) , i.e., 

fM) = Hi) 

for every a and every 3 G D{X, a). 

Proof. Let tt : M ^ B{Ht^) be a faithful normal representation of M of 
infinite multiplicity. Set (Tq = acting on ifo-p = 

and define Sq by the formula 

5o(^ © h) = W^h, f G E, h G X'(i?) 
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Then ao x 5o is an induced representation of Z). In [HI Propo¬ 

sition 2.3] we show that cxo x Sq is unique up to unitary equivalence in 
the sense that if tt' has the same properties as tt and if cTg ig) Sq is con¬ 
structed from tt' in a similar fashion to ao x Sg, then cTq 0 Sq is unitarily 
equivalent to cxg x Sg. Further, if a x 3 is any induced representation of 
Z), then there is a subspace /C of El^^ that reduces tt such that 
(T X 3 is unitarily equivalent to ao x 5 o| This was proved for 

the unweighted case, H°°{E), but the same proofs hold here. 

Observe that by construction ao x Sq is absolutely continuous in the 
sense that it extends to an ultraweakly continuous representation of 
H°°{E, Z) acting E{E) 0^ H^. So Sg G AC(ao) by dehnition. 

Suppose that {fa}aGNRep(M) IS a matricial family of functions de- 
hned on {AC{a)}a^NRep{M)- Our hypotheses guarantee that for every 
C e I{ao X So, (To X So), 0/^o(so) = fao{so)C. That is, /ao(so) lies 
in the double commutant of (uo x So){H°°{E)). However, ao x Sq is 
the restriction of to H°°{E, Z), where ao = o and 

Z)) is its own double commutant by Theorem 17. 101 Thus 
there is an F G H°°{E, Z) so that 

(7-20) /<to(5o) = F^oi^o) {= F Z) IhJ- 

If a is an arbitrary representation in NRep{M) and if 3 G ^C(a), then 
for every C G X(ao x So,a x 3 ), /a(3)C = C*/( 7 o( 5 o ) bec ause {/^jaes 
preserves intertwiners by hypothesis. However, by f|7.20p . 0/o-o(so) = 
OFo-q(so). Hence we have 

(7.21) Uh)C = CKoiso) = 

where the second equality is justihed because {F^j} is a matricial family 
and we assume that C G X(ao x Sg, a x 3 ). 

Now £x a normal representation a of M on and 3 G D{X,a). 
Write ai x Si for the restriction of a^F) to H°°{E, Z). As was noted 
above, there is a subspace /C of that reduces tt such that ai x Si 
is unitarily equivalent to ag x Sg|J-'(F) 0^ /C. Applying the unitary 
equivalence to the projection of F{E) 0^ onto F{E) 0^ /C, 

we get a map Q from onto that intertwines the representations 
ag XSg and ai x Si. Since 3 is assumed to be in the “open” disc D{X, a), 
Kzij)) : —)■ is an isometry. Therefore, Co '■= Kz{])YQ maps 

onto H„. 

We claim that Co G X(ao x Sq, a x 3 ). For this it will suffice to show 
that 77 ^( 3 )* G X(ai xsi, a X 3 ). The fact that 77 ^( 3 )* G X(ai, a) follows 
immediately from Lemma lST^ (3). Using Lemma lSTSl (2) we see, upon 
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taking adjoints, that for ^ G A; > 0, 
iL^KzilT = KzilYiW 

But the left hand side is equal to i{Ie ® Kz{]))*)L^ and, thus, we get 

i{iE®Kzm = Kz{inw®iH^Y)^ 

showing that Kzi})* G X(cri x Si, cr x 3) and completing the proof that 
Cq G X((To X Sq) X 3)- 

It follows now from (I 7 . 2 ip that fa id)Co = Faij))Co and, using the 
fact that Co is a surjective map, we conclude that fai])) = Xk(3) for 
3GD(X,a). □ 


8. Weighted crossed products 

In this section we £x an automorphism a of M and we set E = qM. 
That is, as a right M-moduIe, E is just M and the right action of M is 
just the multiplication from M. The left action is implemented by a. 
So, really, Lp = a in this case. Finally, the inner product on E is given by 
(^, rj) := Y^rj. Note that the tensor power of order k, E^^, is isomorphic 
to Q,fcM. Note, too, that C{E®Y = F{E®Y = More precisely, an 
operator in C{E®^) is given by left multiplication by an element of M, 
i.e. if A G C{E) and if b := A(1m), then A(.^) = A(1 m0 = = b^. 

The relative commutant of (pk{M) is (pk{MY = {6 G M | ba^{a) = 
a^{a)b a G M}. Since we are assuming a is an automorphism of M, 
ipk{MY is the algebra of multiplication by elements in M fl a^{M)' = 
Z{M) and will be identihed with Z{M). 

We shall £x a sequence of positive elements {x^} in Z{M) with the 
properties that Xi is invertible and lim| |xfc| is hnite. So {xk} is an 
admissible sequence in the sense of Dehnition 14.11 We shall also £x 
an associated sequence of weights, but we shall write them Zk instead 
of Zk and we shall assume that each Zk lies in Z{M). Note that the 
canonical associated weights (Dehnition 14.6p all he in Z{M). 

Given a normal representation a of M on H, every element 3 of 
3{a^o(p^ a) is an operator from E®aH into El that intertwines 
and o'(-). Since E 0 ^- H can be identihed with H via the map aZ) h ^ 
a{a)h and this identihcation carries ip{-)Z)lH into cr(a(-)), we may view 
3{a^ o (^, cr) as 

{T G B{H) : Ta{a{a)) = a{a)T, a G M}. 

If we identify 3 G 3{a^ o ip, a) with T G B{H) in this way, then for 
k > 1, is identihed with T^. Under these identihcations, then. 
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D{X, a) may be identified with 

OO 

{T G B{H) I Ta{a{a)) = a{a)T,ae M, and ^ TV(xfc)T^* < /}. 

k=l 

By Corollary 15.11 the operators in D{X,a) parameterize all the com¬ 
pletely contractive representations of the tensor algebra. In this setting 
we shall write the tensor algebra 7+(a, z). 

We now describe the construction of %-{a,z). Since the Fock cor¬ 
respondence associated with E is identified, 

as a fF*-module, with the direct sum of infinitely many copies of M. 
Thus the elements of 7+(a, z) can each be written as an infinite matrix 
with entries in M. The generators are (poo(a) for a E M and hF^ for 
^ E E. But since E is generated, as a correspondence (and also as a 
hF*-module) by a single element 7 (the identity operator in M viewed 
as an element in E), we can write W for Wj and then T+{E, z) is gen¬ 
erated (as a norm closed algebra) by {(Poo(o)}aGM and W. Matricially 
we can write 

(Poo(a) = diag[a, a(a), a^(a),...] 

0 0 0 ■■■ \ 

0 0 0 

Z2 0 0 

0 2:3 0 ■ •. 

••• 

These operators generate 7+(a, z) as a norm closed algebra, they gen¬ 
erate H°°{a,z) as an ultraweakly closed algebra, and they generate 
T{a,z) as a C*-algebra. 

Now write 

/ 0 0 0 0 ■■■ \ 

7 0 0 0 ■■■ 

0 7 0 0--- 

0 0 7 0 

V ; ; ; •. 

and let Dk = diag[0, 0 ,..., 0, zi, Z 2 ,...] (with k + 1 zeros) for fc > 0 
and Dk = diag[z_k, zi_k,...] for A; < 0. (Note: These Dk are different 
from the Dk in Section [6l) Let D be the C'*-algebra generated by 
ipoo{M) U {Dk : G Z} and define the map (3 : D ^ D hy the formula 
= S*yS. Since 


W = 


( 0 

0 
0 


/3{Dk) — Dk-i 
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and 

for k E Z and a E M, maps P into itself. Since S is an isometry 
whose range projection lies in V, 13 is an endomorphism. It is snrjective 
since all the generators are contained in its image, bnt it may not be 
injective. Nevertheless, if we write X for the ideal in T{a, z) generated 
by the projection diag[I, 0, 0,...] and write q : T{a, z) ^ z)lX for 
the qnotient map, then (3 indnces an antomorphism - also denoted (3 - 
on q(V). 

The natnral gange gronp action on T{a,z), discnssed at the be¬ 
ginning of Section [71 { 7 a}, is manifested here throngh the formnlas 
Ixiy) = y ioT y E V and 'jxiW) = XW, A G T. Also note that, 
since 7a(Xq) = Pq, 'jxiX) X X and, thns, 7 indnces an action of T on 
T{a,z)/Z, also denoted 7 . We have 7 a( 5 '(i/)) = 9 ( 2 /) foryEV and 
Xx{q{W)) = XqiW). 

The following theorem generalizes Theorem 3.1.1 of jT2] . 

Theorem 8.1. With M,a and z as above, the C*-algebra T{a,z)/X 
is C*-isomorphic to the crossed product algebra q{X>) x /3. 

Note that in the “nnweighted" case, i.e. the case when Zi = I for all 
i, the theorem clearly holds becanse then q{T>) = X) = M and (3 can 
be identihed with a. 

Proof. The algebra q{P) xi (3 is generated by a copy of q{P) and a 
nnitary element u that together satisfy q{y)u = u(3{q{y)) for y E X). 
In order to dehne a ^-homomorphism from q{P) x to T(a, PjjX, we 
let po : q(P) be the identity map from the copy of qifD) in 

q(X)) X /3 to q(X)) as a snbalgebra of T{a,z)/X. Also, write U = q{S) 
and observe that, for y eXX, (3{q{y)) = q{l3{y)) = q{S*yS) = U*q{y)U. 
Since S*S = X and X — SS* = Pq E X, U is a nnitary operator and it 
follows that, for y eP, 

q{y)U = U/3{q{y)). 

Conseqnently, there is a *-homomorphism p : q{P) x /3 ^ T{a,z)/X 
with p{q{y)) = Po{q{y)) ior y E X) and p{u) = U. The image of p 
contains q(X)) and U = q{S). Since q(W) = q{DQS) = q{DQ)U lies in 
the image of p, p is snrjective. It is left to show that it is injective. 

For this, write r for the natnral action of T on qifD) x (3. Thns, for 
A G T and y E X), we have Tx{q{y)) = q{y) and Tx{u) = Xu. Then, for 
y eX) and A G T, 

lx{p{q{y))) = lx{q{y)) = q{y) = rx{q{y)) 
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and 

7 a ( p ( m )) = l\iU) = \U = p{\u) = p{Tx{u)). 

Thus 

7x0 p = poTx. 

Since po is injective, it now follows that p is injective and, thus, a 
^-isomorphism, as required. □ 

Remark 8.2. The algebra T{a,z)/X is the weighted crossed product 
algebra and the last theorem shows that (under the conditions here) it 
can be presented as an (unweighted) crossed product algebra. 
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